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Abstract
Young’s modulus is one of the most frequently measured mechanical parameters
of materials. It can be used for indirect measurement and investigation of
compressive strength, flexural strength, and even porosity, texture, intergranular
phases and so on. Therefore, it is of significant interest to know the value of this
parameter. Traditional methods for determination of Young’s modulus mainly refer to
tensile test, flexure test and indentation technique, which are ineffective, destructive
with high cost and low accuracy, and inapplicable for a high throughput computer
system for measurements of material properties. In recent years, an emerged
impulsive excitation technique (IET) has been developed for improvement in Young’s
modulus measurement. More gratifying news is that self-mixing interferometry (SMI),
as an emerging and promising non-contact sensing technique, has attracted much
attention of researchers nowadays and has been employed for multiple engineering
applications, such as the measurement of displacement, distance, velocity and
surface roughness and so on. In IET technique, as for measurement of Young’s
modulus, an empirical equation, building a form relationship between Young’s
modulus and resonant frequency, have been proposed and investigated in many
standards. Hence, Young’s modulus can be achieved once resonant frequency is
obtained. On this basis, a non-destructive SMI measuring system is proposed for
measuring the resonant frequency in this thesis.
This basic SMI measuring system consists of a laser diode (LD), a micro-lens and
an external target, i.e. the specimen to be tested. The vibration of specimen causes
the variation of the length of the external cavity, and accordingly leads to a modulated
laser power of the LD, the output signal of the measuring system. This output signal,
called as SMI signal, carries the information of vibration which will be applied through
fast Fourier transform for obtaining this wanted resonant frequency.
For this purpose, in this thesis, the classic steady mathematical model derived
from Lang-Kobayashi equations is firstly applied to establish a connection between
the motion of the specimen and the output of the SMI system. Secondly, simulations
of damping vibration corresponding SMI signal will have been conducted for
discussion on effect of two internal parameters of the laser diode, i.e. the line-width
iii

enhancement factor and the feedback level of the self-mixing phenomenon. Thirdly,
simulations of extraction of the resonant frequency have been performed in the
thesis and show a good result.
A great contribution made in the thesis is that the fiber-coupled system
structures are elaborately designed, which consist of mechanical components for
generating the input vibrating signal, optical parts for producing the output signal of
SMI system, and the processing units for processing the output signal. This provides
a specific guidance for achieving high quality measurement. Experiments have been
conducted comparing with the traditional tensile tests, and the results show a good
agreement and small variation with the data in literature.
In addition, the thesis have addressed and analyzed the influence of the
proposed method that may originate from many aspects. First, the accuracy of Fast
Fourier Transform (FFT) relies on the resolution of FFT, which determines by the
sampling frequency and the data length of SMI signal. Secondly, mode shape of
vibration of the specimen varies with the different support location. Thirdly, the
manufacturing process that includes surface treatment and discontinuities, shape
requirement, edge treatments and the propagation error from measured size and
mass are influential to the test results. All of these are detailed and discussed in
Chapter 4.
Damping may be caused by friction between moving elements, ﬂow of a ﬂuid
through a restriction, or other means, but whatever the source, damping converts
kinetic and potential energy into heat. Therefore, the self-mixing interferometry that
contains the important information of damping displacement and the resonant
frequency can be utilized for evaluation of specimen’s damping. So lastly, in Chapter
5, another typical application of resonant method based on self-mixing
interferometry measuring system for evaluation of energy loss is discussed. Fast
Fourier transformed has been applied for processing the signal. Both simulations and
experiments have been performed as the proof for this application. The results show
the effeteness of this proposed method.
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Acronyms
SMI

Self-mixing interferometry

PD

Photodiode

LD

Laser diode

DVSMI

Damping vibration-corresponding SMI

IET

Impulse excitation technique

PC

Personal computer

TIA

trans-impedance amplifier

BPF

Band-pass filter

FBD

Free body diagram

LK

Lang-Kobayashi
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Chapter 1
1.1

Introduction

Introductions to Young’s modulus

Young’s modulus, a numerical constant and an inherent material property, plays a
vital role in engineering design [1]. The origin of the name of Young’s modulus can be
retrospected to 18th century, and was denominated after an English physician and
physicist Thomos Young. In 1727, its definition was developed by Leonhard Euler and used
for the first time in the experiments by Giordano Riccati, an Italian scientist, in 1782.
Young’s modulus represents the elasticity, and the measure of the ability of a
material to resist variations in length when undergoing longitudinal tension or
compression in only one direction, as in the case of a rod made of isotropic material
restores to its original shape after being longitudinally stretched or compressed [2]. It
equals to the ratio of the longitudinal stress to the strain in the range of stress. Stress and
strain may be described as follows.
Given that a force F was applied to the cross-sectional area

A of

a solid rod at both

ends, the rod was stretched from its original length L0 to a new length. The stress is thus
the amount of the load divided by the cross-sectional area, i.e.

F / A . We use L as the

amount by which the length of this rod varies, and Young’s modulus

E

may be expressed

mathematically as the stress divided by the extensional strain in the elastic portion of the
physical stress-strain curve, i.e.
E=

FL0
F/A
=
L / L0 AL

8

(1.1)

This is typical form in which Hook’s law holds. The stress equals to the force per unit
area, while the strain is dimensionless, so the unit of Young’s modulus is defined as

N / m2

Young’s modulus is not merely dependent on the internal structure of material itself,
as well as its external conditions applied, so Young’s modulus is of paramount importance
and most frequently measured material parameter in material characterization:
•

It is often employed in calculation of the variation in the dimension of experimental
specimen of an isotropic material when tension or compress was applied.

•

It can be used for prediction of the deflection when an external load was applied at
a point of a statically determinate beam.

•

Young’s modulus tends to be used for describing the elasticity of isotropic materials
with other material properties such as shear modulus or Poisson’s ratio.

•

Young’s modulus enters in most of expressions for obtaining other material
properties.

•

In some special cases, it can also be utilized for investigation and indirect
measurement of porosity, texture, intergranular phases, composition, crack’s
creation, phase changes, sintering, hardness, apparent density, compressive strength,
flexural strength, and so on [3].
Therefore, no matter in engineering design, finite modelling and analysis or

providing effective and accurate data of the stress-strain curve to establish constitutive
expressions, measurement of Young’s modulus is necessary. Nonetheless, systematically
accurate methods for calculation of Young’s are not well established as yet.

1.2

Literature

reviews

on

Young’s

modulus

measurement
With a view to the importance of Young’s modulus for material design and
engineering applications, it is common to see that extensive approaches have been
developed. Generally, these methods can be categorized into two types according to
measuring principles: static methods and dynamic methods. 错误!未找到引用源 。
9

simply summarises the relative merits of the static and dynamic modulus approaches. But
most of them can be further sorted as mechanical, electronic and optical methods by
measuring tools. Electronic methods are essentially the same as the static methods, while
optical methods are more based on the dynamic. The static method is more commonly
used for metallic samples and composites, while the dynamic is preferred for brittle
materials, such as ceramics.

1.2.1 Mechanical methods
1.2.1.1 Static methods
Static methods in general refers to direct measurement of stresses and strains of a
specimen loaded by a known static load in mechanical tests, such as tensile, indentation,
flexural tests and so on.
•

Tensile tests

Figure 1.1．Schematic of typical tensile test [4]

When it comes to tensile tests, a stress-strain or displacement-load curve was often
used to characterize the value of Young’s modulus based on the results obtained from
tradition tensile testing (as Figure 1.1 shows). Previously, estimation of Young’s modulus
10

was performed through naked eyes by drawing a line to best fit the linear part of
experimental data. Nowadays, modernized system based on computer control and
automatic data acquisition technique makes easier the curve fitting through
programmable computer tool. However, a notable consensus is that much more
difficulties exist when achieving a straight line at the start portion of the curve.
Furthermore, the accuracy of Young’s modulus value obtained from the results has also
direct bearing on the calculation of proof stress and nonlinear portion of the curve in the
whole tensile test.

Figure 1.2. The influence of the variation in modulus on other parameters [4].

As Figure 1.2 shows the uncertainty in slope gives rise to the errors in calculation of
Young’s modulus, which are 205GPa and 199GPa, respectively in red and green colour,
and this even results in influences on determinations of R p (proof stress) and A
( percentage elongation after fracture). In spite of small variations of 5% were found, this
impact might be greater for some materials with significant work hardening [4].
A great number of standards have also extensively investigated in obtaining effective
and accurate values of Young’s modulus from tensile test. Taking standards EN10002-1,

11

ASTM E8 and ASTM E111 for instance, the former two are mainly focused on
measurement of full stress-strain curve, while ASTM E111 involves in details of factors in
terms of influences, on accuracy of the measurement, which might be generated during
the tensile test. Advices regarding to elongate the linear portion of the curve have also
been given in ASTM E111 that specimen should be free from residual stress. EN 10002-1
and ASTM E8 only provide the ramped load for Young’s modulus measurement, while
ASTM E111 covers both in both tension and compression. However, both EN 10002-1 and
results from EU TENSTAND project confirm the difficulties in obtaining accurate slope at
the beginning of the stress-strain curve.
Generally, on account of the direction relation to most of engineering design
requirements, tensile tests have been widely accepted as a traditional and immediate way
to obtain Young’s modulus value through illustration of linear part of the stress-strain
curve. But the shortages of scattered results or larger standard variation of the
experimental data become a substantial problem in subsequent calculations, such as
strain measurement and data analysis.
Actually, it is not surprising that more researchers are inclined to use alternative
approaches for measurement of Young’s modulus instead of tensile testing, as this is also
revealed in results generated TENSTAND project. Due to its practical difficulties in
obtaining reliable modulus data from the stress-strain curve, handbook values are more
preferred in many engineering applications instead of tensile tests. In some cases,
dynamic methods are even more popular. Admittedly, it not impossible to measure
Young’s modulus with relatively high accuracy from the tensile test, but a specialized test
set-up and professional workman are usually required, so to some extent, it is
inadequately competent among current extensive developed methods especially on a
high throughput computer control system with low-cost.
•

Flexural tests
Flexural tests are generally referred to as three-point or four-point bending flexural

tests and are more affordable than tradition tensile test. Others may include some specific
ways in some special occasions, such as biaxial flexural test [5]. A three-point flexural test

12

usually involves a specimen horizontally located onto two rigid supports and a force
applied onto the specimen until sample failure so the specimen is bent in the shape of a
‘v’. A four-point test commonly results in a specimen bent more in a shape of a ‘U’ with
two forces so that the specimen experience contact at four different points.

(a)

(b)

Figure 1.3. (a) Three-point flexural test; (b) four-point flexural test [6]

The test method for performing the test is often with a specified test fixture on a
general testing machine. The preparation work for the test, testing requirements and the
way to conduct the test all influence the test results.
Instead of measurement of basic material properties as a regular compression test
or tensile test involves, flexure test usually reflects the combined effect of tensile,
compressive and shear stresses, the dimension of the test-piece and the rate of load
applied. The flexural strength and the flexural modulus are the most frequently measured
mechanical properties using a flexural test. Though in practical, the value of flexural
modulus of elasticity may differ from the value of Young’s modulus in polymers, ideally,
they are equivalent.
Flexural tests are classical methods for determination of flexural modulus, but the
measuring system are still required to be articulately designed to apply an even for the
13

sample, as well as the universal joint for fixing the supports. Additionally, suface
roughness and flaws may exist in some specimen, especially in ceramic material, in that
the grains are in the size of dozens of millimetres in nature [7]. Thus, these flaws or pores
can deteriorate the strength of the material to some extent as they are stress
concentrators. So, pre-processing work may be needed, such as grinding the flat of the
sample or bevelling the edges that may maintain contact with the rollers during the test.
At a word, flexural tests are easy and suitable for calculation of Young’s modulus for
most materials, but considerations have to be paid for machine compliance prior to
experimental data to be used for measurement of Young’s modulus [8].
•

Indentation tests
As the development of material science towards the direction of smaller and smaller

scales, great efforts have been made possible characterization of material performance
and tendencies. Traditional uniaxial tensile tests are no more sought-after or feasible in
measuring material parameters for samples on very small scales, such as thin films [9-12].
Indentation test can be categorized into: micro-indentation, macro-indentation tests, and
the known Nano-indentation method [13]. As progress of technologies have been
achieved, in Nano-indentation methods, the indentation load-displacement data can be
employed for retrieving the mechanical properties of specimens in submicron regime,
whose surface can be mapped with submicron resolution. A typical schematic illustration
of the nano-indentation is shown in Figure 1.4.

Figure 1.4. Nano-indentation system with sensitive displacement and load sensing systems [13]
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Considerations of the elastic contact problem that exists during the test are required
in analysis for modulus or harness measurement, and were first proposed in the late 19 th
century based on investigation of solutions by Boussinesq for a series of rigid,
axisymmetric indenter, such as cylindrical and conical indenters [14], as well as the work
by Hertz focused on situations between two spherical surfaces with different radii and
elastic constants [15], which laid the foundation for the field of contact mechanics and
offered a guide for non-rigid indenters situation.
Because the constitutive expressions, latter proposed by Sneddon [16], are nonlinear
and many material parameters need to be contained for description of material
performance, analytical solutions are difficult to be obtained. So simulations in finite
element analysis and adequate experiments are necessary for knowledge of the
importance of plasticity in indenter contact issues. Modelling for indentation contact is
much of a complicated problem in practical.
Experimental work that have been performed by Tabor respectively in literatures [17]
and [18], respectively using a hardened spherical indenter and a conical indenter, started
to concern the shape of the perturbed surface in elastic analysis, and the effects of nonrigid indenters on the load-displacement behavior have thus been worked out for Young’s
modulus calculation. Real interest in load and displacement sensing indentation test for
measuring Young’s modulus began in the early 1970’s [19-23].
To date, though great strides have been made over decades of years for exploring
mechanical properties using indentation tests, even on the submicron scale, these tests
are still not preferred in special cases for some materials in that its experimental results
are more prone to deviate from the mean values as traditional tensile tests. In addition,
the test system usually needs to be dedicatedly set up and is invulnerable to ambient
irritants such as surrounding temperature or undesirable vibration. Since the indentation
impression is very small, especially in submicron magnitude, the experimental results
scatter if the specimen is not positioned horizontally or smoothly polished. Furthermore,
the results are more sensitive to material required; inhomogeneous materials are
generally not recommended using this method, such as porcelain.
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1.2.1.2 Dynamic methods
Burdened with huge pressure, dynamic methods come to its unique viable birth. As
a non-destructive technique, being quick and simple with small elastic strains and high
strain rates are the main advantages of dynamic methods.
Particularly, in cases of harsh environment, such as high temperature surroundings,
static methods like tensile tests cannot be qualified as an option, whereas dynamic
methods can readily be used as only a few peripheral tools are needed and dimensions
and mass of the tested sample are known.
Deformation of refractory material may lead to undesirable imprecision in the static
measurement as well. For some complex-shaped samples like egg shell, static methods
are not eligible for the measurement of properties or imperfections [24].
In the measurement of nano-scale materials using indentation methods, very small
indentation needs to be created in thin films on substrates [25], or small deflections of
microstructures such as cantilevers or membranes, but the stress states are very
complicated. Analysis may be needed for the influence of the test to the substrate. A
dedicated set up for nano-indenter with high cost is also required [26].
For some special brittle materials, ceramics for instance, because of gripping and
alignment issues, dynamic methods are more frequently used. Dynamic methods have
been extensively used in many applications for different material measurement, such as
bones [27, 28], concrete [29], intermetallic alloys [30], composites [31-33] and thin films
[34]. No matters in aspects of cost control, convenience, or accuracy, dynamic methods
are ones upon the static in many situations.
There is a large quantity of dynamic approaches for a quick determination of Young’s
modulus, such as flexural resonance methods, impact excitation technique, and many
other ultrasonic, resonance and acoustic wave propagation methods. Generally, it can be
broadly divided into two groups: resonance and pulse method.
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A. Resonance method
In principle, resonance method is a specimen setting into vibration in first or more
vibrational modes at fundamental resonant frequency or more, at which the vibration
amplitude reaches the maximum. The specimen that is set into vibration can either be
excited by a singular strike [35] or by a driver with a continuously changed frequency
output [36]. The method with impulse as the stimulating tool is extensively recognized as
impulse excitation technique (IET). Vibrations of the tested sample are monitored and
detected by a transducer, and then analysed by a data analyser to determine the
characteristic frequencies. Young’s modulus of the tested specimen can be calculated
through using the measured frequency and other known dimensional parameters of the
specimen.
In literature [26], resonance methods with three different exciter were used for
stimulating the specimen on micromechanical thin films, (a) photo-thermal excitation
using laser beams, (b) acoustic excitation using a loudspeaker and (c) mechanical
excitation using a piezo-transducer, which were shown in Figure 1.5.
For the method with the photo-thermal as the excitation, the authors used the
temperature differences to cause localized strains due to thermal expansion; the
cantilever vibrates with the temperature as the intensity of laser beam varies. In Figure
1.5(b), a small loudspeaker was used to generate acoustic waves, producing air pressure
differences around the specimen and forcing the sample to vibrate. For mechanical
excitation shown in Figure 1.5(c), they used a piezo-transducer with test chip attached to
drive it.
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Figure 1.5. three methods for stimulating the microresonators (a) photothermal, (b)acoustic, (c)
mechanical [26]

The Young’s modulus was measured as E = 95  10 Gpa for the thin film. The test
results showed that large deviation in Young’s modulus was found in techniques with
different exciting way, but this can be attributed to many experimental conditions, such
as the coating used for the specimen in Figure 1.5(a), the probable influence of air
damping and the deflection of the cantilever in some special film materials.
Another typical example using this resonant method is based on driving the test
system with a sinusoidal signal of a varying frequency. The simulator can either work in a
sweeping mode [37-39] or be stably fixed at a certain frequency using a voltage-controlled
oscillator [40, 41] in a feedback loop with a sensor.
In [39], because of the brittle and curved nature of the eggshell, traditional static
methods for measurement of mechanical properties of eggshell becomes very difficult to
measure the properties and are with large deviations [39], shown in Table 1.1. Authors
used a paperclip for holding the piece of shell, and a broad range loudspeaker for
generating a linear frequency increase. After a compensation relationship between a
curved and flat plate was confirmed, the Young’s modulus of a curved shell segment can
be calculated for a rectangular plate. The method can also be tested on the same egg due
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to the non-destructiveness of the technique and each sample can be measured with a
high repeatability, which presents the superiority over traditional static methods.

Table 1.1. Overview of different values of static modulus of eggshell [39]

When the upper limit of the temperature exceeds certain degrees centigrade,
specific equipment, such as a furnace, is usually needed. Examples of typical apparatus
were given in Figure 1.6. At this time, traditional microphone, for examples in Figure 1.6(a)
and (b), is placed outside the furnace or oven to detect the vibrational signal, or, in recent
researches, electromechanical detectors, such as piezo-electrical transducer, are normally
positioned outside the furnace as well in conjunction with a carbon fiber or thin wire.
These were firstly proposed by Foerster and Spinner and Tefft provided in detail in the
standard [42, 43]. Some other measurements performed at moderate or high
temperature are described in [3, 44-50]
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(a)

(b)

Figure 1.6. (a) Experimental apparatus and instrumentation system [45] (b) Experimental set-up for
elastic modulus evaluation in elevated temperature [50]. In (a) and (b) microphones are both needed
for detection of the vibrational signal.

However, problems exist when positioning the detecting microphone. Generally, it is
scheduled to fix right under the middle of the tested specimen as usually recommended
[44]. The first thing that needs to be considered is whether the vibrational signal can be
smoothly propagated to the detector. Though many inter-laboratories have confirmed
that enough intensity of the vibrational wave can be obtained by the microphone even
through using a guided tube at room temperature, signals cannot be consistently detected
when the test was performed at moderate temperature. More other arrangements had
been tested, such as the ones as Figure 1.7(a) and Figure 1.7(b) show below, but the
results all lead to the conclusion that either the scheme proposed in Figure 1.7(a) or the
wave guided tube used in Figure 1.7(b) are not eligible to transmit the signal to the
detector. Though a final decision in [44] was made through drilling a hole directly beneath
the specimen, thus leading to an immediate air path the microphone, the uncertainty still
exists, even at room temperature.
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Figure 1.7. (a) The microphone was positioned on the exit of the furnace (b) the microphone
was located at the exit through using a wave guide tube to transmit the acoustic vibrations [44]

B. Pulse method
As to pulse method, it is necessary to determine the time interval between the
ultrasonic pulses transmitted and received by a transducer. Through determining the time
of this longitudinal and horizontal ultrasonic wave and the pre-known sizes and the
density of the specimen, Young’s modulus can be calculated. In [51], buffer rods were
used for the studies of structural and microstructural changes in the refractory castables
during thermal treatment in regular to high temperature.
This method is investigated to be a competent technique for accurately determine
Young’s modulus, while Uozumi and Kinbara used for a substrate-free silver film, but the
technique bottleneck restrains the method from being used for film thicker than 1 μm
[52] . Admittedly, though it is convenient to conduct this method at the room temperature,
the difficulties with ultrasonic attenuation and acoustic contact exist at higher
temperatures [53].

1.2.2 Electronic methods
A great many of electronic techniques have also been investigated for the
measurement of Young’s modulus for different materials in recent years.
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Figure 1.8. Experimental set-up for measuring stress and Young’s modulus of doubly-supported
beam [54]

In [54], an innovative method applied for access the value of intrinsic stress and
Young’s modulus of thin films was reported. As electrostatic voltage is applied between
the two capacitor plates shown in Figure 1.8, the beams deflect and the bridge collapse
at the pull-in voltage, offering a measure of the stress and Young’s modulus. This method
is essentially static method, measuring the stress in a form of voltage for Young’s modulus
calculation, whose accuracy reported can be achieved up to 10%. An analogous method
was used for a simple beam in [55]. Instead of using a comparatively complex
experimental structure and encountering the difficulty to measure the small capacitance
change, the authors improved the technique for surface micromechanical structures
through using an optimized set-up and circuit.
The electrometric method is a common-seen technique and was analysed in [56].
Due to its wide applicable range, convenience to conduct and easy access to many
complicated environment, extensive studies have been involved as well [57-59]. But this
method is still limited for its difference exists between the actual measurement results
and the experience points or the theoretical value. Usually this is used for large specimen
measurement.
Methods in a manner of measuring stress and strain and through illustration of the
stress-strain curve are static methods in nature, while other approaches realize the
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measurement of Young’s modulus through extraction of the resonant frequencies are
materially based on dynamic technique.
Based on the reviews in literatures, the characteristics of static and dynamic methods
can be summarised in Table 1.2. A variety of commercial equipment recently are available
and the theoretical errors in measurement of modulus by dynamic methods are small,
typically of the order of ±1%. This makes dynamic methods extensively used and widely
studied all over the world, especially in cases for engineering applications.
Table 1.2. Summary of relative merits of dynamic and static approaches for measuring Young’s
modulus

Static methods
•
•
•

•
•
•
•
•

Advantages
Widely accepted standard engineering
value
Sketches of stress-strain curve
Widely available test equipment

Disadvantages
High accuracy strain measurement
required
Need averaging extensometry
Specialized test
Large interlaboratory scatter
Accurate high temperature measurements
are difficult

Dynamic methods
Advantages
Quick, simple, non-destructive
Good inherent accuracy
Uses small specimens
Harsh temperature measurement
Potential for other parameters
measurement
Disadvantages
Sensitive to dimensional tolerances
Limited of material structure
•
•
•
•
•

1.2.3 Optical methods
The optical methods, one of dynamic methods, used for measurement of Young’s
modulus can be retrospected to 1924 through using a dedicated apparatus by Searle [60].
Afterwards, optical beam deflection method came into being for the measurement of
vibration [61] and was first successfully used in photo-thermal spectroscopy [62], and
then it was expanded and explored to be used in atomic force microscopy [63, 64]. In [65],
as traditional non-destructive methods based on the relationship between stress and
strain for measuring fibre with a coating would result unreliable data, authors used optical
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resonant method for fibre Young’s modulus measurement.
Rybicki, Shadley, and Greving [66] used strain gauges located on the surface of a
cantilever beam to evaluate the Young’s modulus and Poisson ratio of a thermal spray
coating. Caracciolo, Gasparetto, and Giovagnoni [67] reported an approach for the direct
measurement of a dynamic Young’s modulus of a viscoelastic material using an emitterreceiver laser sensor to record the absolute displacement of a point on a cantilever beam.
Tay et at. [68, 69] Presented a method for the determination of Young’s modulus of
micro-beam of an accelerometer based on optical method. The interference fringes of
light beams were used as the indication of values of Young’s modulus. Tests were found
that the fringe density that is proportional to the beam deflection increases with load
applied for the specimen. Based on the principle, the Young’s modulus can be accurately
calculated. Test results in [68] showed that only around 1% error were found in the
experiments.
Optical techniques used for polymers date from 1973 by Theocaris, who has
developed an interferometric technique for studying the absolute stress-optical
coefficient of various polymers under static loading [70]. The technique was later used for
investigating the elastic modulus and Poisson’s ratio for polymers under static and
dynamic loading [71]. Later than that, P. S. Theocaris and J. Prassianakis, C. L. Bauer and
R. J. Farris, T. Kotani et al. all presented a series of optical method for materials, such as
polyimide films, polymer fibers by caustics or a high pressure gas dilatometer, and so on
in recent decades [72-77]. R. Rodriguez-Vera et al. present Electronic Speckle Pattern
Interferometer for measuring a new PVC material [78], while this technique was also
employed for a cantilever beam in 2006 and 2009 [79, 80], and for measurement of
Poisson’s ratio in 2010 [81].
A combination technique based on the integration of laser detection and acoustics
are also gradually widespread recently. The technology of laser-generated surface
acoustic waves is one of the example, which uses laser pulse to irradiate the specimen
and gather the acoustic waves, and signal collected from the surface provide information
for Young’s modulus calculation [82-84]. In addition, by combining laser-induced
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microbubbles and acoustic radiation force, microbubble-based acoustic radiation
force was introduced as a technique to measure mechanical properties of tissues [85].
Owing to its appropriateness when working with small devices, the ease for
implement and the low cost, optical methods have increasingly become a popular
technique in various engineering applications for different materials, such as piezoelectric
materials [86], nanoscale objects, like InAs nanowires [87], thin films [88], and even
biological cell tissues [85, 89, 90].

1.3

Introduction to self-mixing interferometry

As a promising technique for non-contact sensing and its instrumentation, selfmixing interferometry (SMI) systems have been studied extensively in the past decades.
When a beam of laser light is focused on a remote moving target through a collimating
lens, a portion of the light is reflected or scattered back to the laser cavity and detected
by an integrated photodiode (PD) at the rear of the laser diode (LD). The reflected or
backscattered light, also known as the optical feedback, leads to a modulation in both the
amplitude and the frequency of the lasing field. This phenomenon is called the self-mixing
effect, from which SMI was developed. The new lasing field, which can be measured as
laser output power, contains information of the parameters of the laser diode itself, as
well as the characteristics of the remote target. The laser output power is referred to as
the SMI signal, and has been demonstrated to be useful for highly accurate sensing
applications, such as the measurement of displacement [91-94], distance [95-97], velocity
[98-100] and surface roughness [101] and so on. Figure 1.9 shows a typical schematic
diagram of a self-mixing interferometry system.
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Figure 1.9. Schematic diagram of the basic self-mixing interferometry system [102]. The laser
current is controlled with a laser driver, through which electrical modulation may be applied.
Interferometric signals are acquired using a data acquisition card connected to a computer (PC)
through the internal PD together with a trans-impedance amplifier (TIA), followed by a bandpass
filter (BPF).

Figure 1.10． Simplified configuration of SMI measuring system [92]

The basic principle of the SMI measuring system can be simplified as Figure 1.10
shows [92]. A conventional LD interferometric self-mixing conﬁguration is equivalent to a
three-mirror cavity, where Pr =P0 / A the power is back-diffused or back-reﬂected by the
remote target, with P0 the emitted power and A  1 the power attenuation of the
external cavity. A simple interpretation for injection-detection is the following [103]: the
small back-reﬂected ﬁeld phasor Er re-enters the laser cavity and it adds to the lasing
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ﬁeld phasor E0 . The phase of Er is  ( t ) =2ks ( t ) , where

k = 2 /  (  being the

wavelength of the laser) and s ( t ) is the distance of the remote target. Hence, the lasing
ﬁeld amplitude and frequency are modulated by the term  ( t ) = 2ks . Thus the FM term
is sin ( 2ks ) and the AM term is cos ( 2ks ) . This detection scheme very closely resembles
the well-known homodyning at radio frequencies. From the two quadrature signals, the
interferometric phase  = 2ks can be retrieved without ambiguity, and a measurement of
the target displacement is possible [104].
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Figure 1.11. Displacement measurement behavior [105]. (a), (b) Periodic target displacement of
peak-to-peak amplitude

2

with

 8850 nm, and the cavity length 0.5 m. Linear displacement

(blue); sinusoidal displacement (red). (c) – (j) SMI signals for feedback level respectively equal to 0.5,
5, 8 and 25. Higher feedback levels exhibit loss of fringes, ultimately resulting in the replication of the
stimulus.
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Figure 1.11 shows typical SMI signals resulting from linear and sinusoidal
displacement. The SMI signals show periodicity corresponding to half-wavelength
displacements. In the weak feedback regime (that is the feedback level value smaller than
1, and the detail will be presented in the following chapters), the corresponding SMI signal
does not exhibit path dependence — and, in particular, there is no loss of fringes as shown
in Figure 1.11(c) and Figure 1.11(d). Therefore, by recording this interferometric signal, we
may easily determine the change in external cavity length relative to

 / (2k ) by counting

the number of whole and fractional fringes observed [95] [125] or via Fourier transform
techniques [106]. The displacement can be reconstructed if

 is known, whose accuracy

is fundamentally dependent on the wavelength [107].
Laser vibrometry is a well-established approach which enables the remote
measurement of vibration of a solid target, by virtue of laser beam’s coherence properties
and its high sensitivity and low vulnerability of the coherent detection with only small
portion of the echo signal from the target. Laser vibrometry has also been invasively used
in many engineering and academic field, such as modal analysis, noise reduction,
characterization of loudspeakers and piezo-ceramic sensors [108-113].
In current dissertation, application of self-mixing technique for measurement of
Young’s modulus is based on the resonance method, by which the resonance frequency
will be extracted for the calculation for Young’s modulus.
Comparing with other optical measuring method, beneﬁts of the SMI-based
technique are the following:
(1) No optical interferometer external to the source is needed, resulting in a very
simple, part-count-saving and compact set-up;
(2) No external photodetector is required, because the signal is provided by the
monitor photodiode contained in the LD package;
(3) Operation on targets with rough diffusive surface is possible, because the noise
equivalent vibration of the scheme is very high, being a sort of coherent detection that
easily attains the quantum detection regime (i.e., sub-nm noise equivalent vibration).
While as its superior originality of dynamic methods, its advantages are
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(1) Quick, simple, non-destructive
(2) Good inherent accuracy
(3) Uses small specimens
(4) High temperature measurement
(5) Can readily measure shear modulus and Poisson’s ratio, or other potential
measurement for other material parameters.
Due to unique advantages of SMI, this thesis is proposed to apply this new optical
non-contact technique for Young’s modulus measurement.

1.4

Existing problems and objectives

In literatures, methods that aim at measurements of Young’s modulus are boundless,
and examples can be given as from static technique to dynamic approaches, involved from
traditional tensile test, resonant technique to recent optical methods.
For static methods, in terms of no matter tensile tests or flexure tests, which were
largely sought-after in engineering design and applications in decades, the outstanding
issues are as following:
•

Strain measurement with high accuracy are necessary

•

Averaging extensometry for measurement of variation of length of the specimen is
needed.

•

Specialized test, where workman in other working fields are hard to perform in a
highly effective way.

•

Specimens with specific size are required.

•

Results scatter in different laboratories.

•

Inadequate to be conducted in harsh environment.

•

Destructive to be continuously measured.
Dynamic methods that measure the resonant frequency for calculation of Young’s

modulus can largely solve the problems by avoiding the experimental specimens from
being destructive with repeatable accurate results. Dynamic methods can also be
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performed in a relatively harsh environment and are a much easier way for most
researchers or engineers in relative applications for Yong’s modulus needed occasion.
However, while dynamic method brings much more convenience resolving the existing
traditional problems from static technique, it generates new potential interference from
the vibrating signal pickup module, such as using microphone, which to some extent,
being another problem in conditions with extreme temperature.
The main objective of current thesis is to propose a new measurement method
named SMI for Young’s modulus. Firstly, Integrating the superiorities mentioned
previously, advantage of proposed optical methods for Young’s modulus measurement is
to be realized with precision and flexibility and can be used in any circumstances with
harsh environment by using self-mixing interferometry technique. Additionally, selfmixing based optical method are to be extended for other practical engineering
measurement while performing the test, such as measurement of internal friction and
damping ratio of the vibrating specimens.

1.5

Thesis organization

This thesis consists of five chapters:
Chapter 1 gives a brief introduction to the definition of Young’s modulus and its
practical engineering applications, and the background and the significance of the current
research topic. Traditional Young’s modulus measurements can be categorized into static
and dynamic by measuring principles. Through using different devices, methods can be
sorted as mechanical, electronic and optical methods. In mechanical test, typical static
methods, such as tensile tests, flexure and indentation tests are reviewed, whose
disadvantages are outstanding to current increasing demand for evaluation of material
properties. For dynamic methods, three commonly seen resonant methods have been
illustrated and reviewed. Electronic methods, such as pull-down voltage technique and
electrometric methods are described as well. Optical measuring methods recently used
based on dynamic resonant method are as well provided and reviewed. In 1.3, self-mixing
interferometry technique has been briefly introduced, including the basic principle for
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typical pervasive engineering applications, such as measurement of displacement, and the
advantages comparing with other methods. At the end of Chapter 1, the summarization
of the existing problems and organization of this thesis are given.
Chapter 2 mainly gives the measurement principle and the structures of the design
and establishes a mathematical model for specimen’s vibration and SMI sensing, as well
their connections. 2.2 describes the relationship between Young’s modulus and the
resonant frequency to be measured and the design scheme of the measuring system. To
build a mathematical relationship between the vibrating signal and the output SMI signal
from the measuring system, equation of motion of the specimen and the derivative of the
Lang-Kobayashi equations in a steady state are introduced in 2.3 and 2.4. Finally, 2.5 gives
the simulations for damping vibration under the feedback of the SMI, as well as the
simulation results of employment of FFT.
Chapter 3 presents an integral measurement system for Young’s modulus using SMI
measuring system, including the system design and the experimental results. 3.2 gives the
details about the system design that mainly contains the mechanical design, optical design
and processing unites. For mechanical design describe in 3.2.1, the thesis mainly gives the
requirement for dimension of the specimen, the supports for holding the specimen and
the ball size for the stimulation. The optical design in 3.2.2 includes collimation of the laser
beam, as well as the selection of wavelength, working temperature, current and the cavity
length for maintaining a stable working system. The processing units mainly refers to the
design of the trans-impedance of the amplifying circuit for converting the current of the
photodiode to the voltage and amplifying the signal, and is described in 3.2.3. In order to
evaluate the magnitude of the practical vibration magnitude of reference point of the
specimen to verify the fact that magnitude of vibration under this design is right within
the resolution of the SMI measuring system, 3.3 is organized to quantify the
corresponding deflection from the impulsive force from the stimulator used for exciting
the specimen and the gravity from the specimen itself. In 3.4, the thesis presents the
procedures for implementing the measurement of Young’s modulus and compares the
experimental results with the traditional tensile tests.
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Chapter 4 is for evaluation of potential influence to measurement and provides a
typical application for measurement of damping ratio and internal friction based on SMI
measuring system. The possible influences in 4.2 may originate from the line-width
enhancement factor, the feedback level of the laser beam, resolution of fast Fourier
transform applied, the support system, material behavior, and the manufacturing process.
The manufacturing process also contain several aspects, such as the surface treatment
and discontinuities, shape requirement, edge treatments, and propagation error from
measured size and mass of the specimen. All of these influences are presented, and
necessary analysis are provided as well. 4.3.1 mainly gives the background and literatures
review for measurement of two material properties-damping property and the internal
friction. 4.3.2 introduces the method and the principle for the measurement, and then,
the thesis gives the detail for realizing the measurement, as well as the analysis and
discussions on experimental results from adjusting the window interval and length of the
fast Fourier transform and the feedback level of the measuring system.
Chapter 5 concludes the research contributions and suggests the future research
topics.
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Chapter 2

Self-mixing

interferometry

based

method

for

Young’s modulus
2.1

Introduction

There is an empirical mathematical relation between the resonant frequency and
Young’s modulus. This basic measuring principle can be used for calculating Young’s
modulus from self-mixing interferometry signal loaded with important frequency
information. 2.2.1 gives the introduction to this formula. The schematic measuring system,
which involves mechanical, optical and electronic parts is introduced as well in 2.2.2.
As the input of the self-mixing measuring system, the equation of motion of the
vibrating specimen is important, and 2.3 models the vibration of the specimen and gives
the details of the derivation from time and spatial dimension on a continuous beam
In 2.4, the classic SMI model in steady state will be developed from the LangKobayashi Equations and introduced for establishing a mathematical relationship between
the SMI signal (i.e. the output of the system) and the vibration (i.e. the input of the system).
Based on the obtained mathematical model of input of the measuring system and
the optical medium, the output of the measuring system can be utilized for extraction of
frequency information. Simulation of this process is given in 2.5. The effect of linewidth
enhancement factor and the feedback level on damping vibration-corresponding SMI
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(DVSMI) and the influence of them to FFT results will be discussed as well.

2.2

System description

2.2.1 Fundamental measurement principle
Specimens of isotropical materials possess speciﬁc mechanical resonant frequencies
that are determined by the elastic modulus, mass, and geometry of the test specimen.
According to the standard E1876-01 [114], the dynamic elastic properties of a material
can therefore be computed if the geometry, mass, and mechanical resonant frequencies
of a suitable (rectangular or cylindrical geometry) test specimen of that material can be
measured. Dynamic Young’s modulus is determined using the resonant frequency in
either the ﬂexural or longitudinal mode of vibration, which is one of the most important
information contained in SMI signal.
Taking a rectangular specimen ( L : length, b : width, h : thickness) as an example, the
calculation formula of E is expressed as below while L / h  20 [114]:
E = 0.9465 

mf RO 2 L3
 L4 f RO 2

T
=
0.9465

T
bh3
h2

(2.1)

where

T = 1 + 6.585(h / L)2

(2.2)

m is the mass, and  is the density of the specimen and T is the correction factor.

Therefore, if f RO can be obtained from the specimen to be tested by SMI, Young’s
modulus can be readily measured.
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2.2.2 Schematic measuring system
Optical part (SMI sensing)
Controller
Signal
Transmitter

Signal
Receiver

Mechanical part
(generating a damping vibration)
Specimen

Platform

Specimen

Platform

Electronic part
(DVSMI processing)
Signal
Converter

Signal
Processor

Figure 2.1. Schematic measuring system

The whole overall measuring system is illustrated in Figure 2.1, which consists of
three blocks: the mechanical part (for generating a damping vibration), optical part (as the
carrier for sensing the damping vibration) and electronic part (for processing the SMI
signal that carries the information of the damping vibration).
Mechanical components are combined together for generating a damping vibration,
which contains the wanted and to-be-tested Young’s modulus value. Optical modules are
used for sensing this damping vibration while carrying the important information of
resonant frequency in vibration for subsequent processing in the final electronic part. In
the next, a mathematical description of this damping vibration signal will be presented.
As the sensing input of the SMI system, a well-established mathematical mode is as well
used to describe the relationship between the damping vibration and the subsequent
obtained SMI signal.

2.3

Mathematical model for vibrating specimen

The laser beam emitted from the laser diode in optical part mentioned above will
focus one point on the specimen. However, there are infinite mass reference points of the
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specimen, each of which comply with an equation of motion and regularly distributed
along the specimen with certain rules. In the following, a process for establishing a
mathematical model with respect to space and time for the vibrating specimen will be
illustrated.
Consider the freely supported specimen (a ‘free-free’ specimen in mathematical
terminology) having the typical properties shown in Figure 2.2. The specimen is termed
“free-free” since no forces or moments are applied at its ends.

y

y ( x, t )
x
h

b

L
Figure 2.2. “free-free” specimen

The analysis begins with the unforced equation of motion for the specimen [37],

A
where

2 y
y
4 y
+

+
EI
=0
t 2
t
x 4

(2.3)

y
y
correspond to a time of partial differentiation, and
correspond to a spatial
t
x

partial differentiation The damping term 

y
models the internal energy loss mechanism
t

of the specimen. Eq. (2.3) is a partial differential equation which describes the vertical
deflection y ( x, t ) of the specimen as a function of space x and time t . Eq. (2.3) can be
rewritten as

 2 y  y 2  4 y
EI
+  + c 4 = 0, m =  AL, c =
2
t
m t
x
A

(2.4)

A "separation of variables" approach is employed to solve Eq.(2.4). The approach
assumes that the solution is composed of the product of two functions, one which is a
function of space only and one which is a function of time only,
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y ( x, t ) = X ( x)T (t )

(2.5)

Substitution of Eq.(2.6) into Eq.(2.7) gives, after some manipulation, the result
 2T  L T
4 X
+

t 2
m t = −c 2 x 4
X
T
x

(2.6)

Since the left side of Eq.(2.6) is a function of time only, and the right side is a function
of space only, and since both sides are equal for all values of x and t , it must be true that
2
both sides are equal to a constant. This constant will be arbitrarily denoted − . The

spatial and temporal portions of Eq.(2.6) then become, respectively,
4 X
2
4
4
−

X
=
0,

=
x 4
c2

(2.7)

 2T  L T
+  +  2T = 0
2
t
m t

(2.8)

Let us first consider the spatial differential equation, Eq.(2.7). In the case where   0 ,
Eq.(2.8) has the general solution

X ( x) = a1 sin(  x) + a2 cos(  x) + a3 sinh(  x) + a4 cosh(  x)

(2.9)

The unknown constants in Eq.(2.9) are eliminated through the application of
boundary conditions. These include zero moment at both ends of the specimen,

EI

2 y
x 2

x =0

= EI

2 y
x 2

x=L

=0

(2.10)

x=L

=0

(2.11)

and zero shear at both ends of the specimen,

3 y
EI 3
x

x =0

3 y
= EI 3
x

Consider the first boundary condition in Eq.(2.10), zero moment at x = 0 .
Substitution of Eq.(2.5) into this boundary condition gives the simplified boundary
condition

EIX (0)T (t ) = 0 

2 X
x 2

x =0

=0

(2.12)

Taking the second spatial derivative of Eq.(2.9), evaluating the expression at x 8 0, and
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setting the result equal to 0 (as required by the right-hand expression in Eq.(2.12) gives
the result

a2 = a4

(2.13)

The following hyperbolic trig identities were used in arriving at this result:

sinh( x) = cosh( x), cosh( x) = sinh( x), sinh(0) = 0, cosh(0) = 1

(2.14)

In a similar fashion, the boundary condition of zero shear at x 8 0 gives the result

a1 = a3

(2.15)

The boundary condition of zero moment at x = L gives the result

a1  − sin(  L) + sinh(  L)  + a2  − cos(  L) + cosh(  L)  = 0

(2.16)

where Eq.(2.13) and (2.15) have been used to eliminate a3 and a4 from this expression.
Finally, the boundary condition of zero shear at x = L gives the result

a1  − cos(  L) + cosh(  L)  + a2 sin(  L) + sinh(  L)  = 0

(2.17)

where Eq.(2.13) and (2.15) have again been used to eliminate a3 and a4 from the
expression. Eq.(2.16) and (2.17) can be cast into matrix form,

 B  a  = 0
− sin(  L) + sinh(  L)
where  B  = [

cos(  L) + cosh(  L)

(2.18)

cos(  L) + cosh(  L)

𝑎1
0
],  a  = [𝑎 ],  0  = [ ]
0
2
sin(  L) + sinh(  L)

If [B] is an invertible (non-singular) matrix, then it follows that [a] 8 [B]-1[0] 8 [0] and
therefore a1 = a2 = a3 = a4 = 0 . This gives the "trivial" solution X ( x) = 0 to Eq.(2.7). To
obtain the non-trivial solution, we require the matrix [B] to be non-invertible (singular),
i.e. det [B] 8 0. This requirement gives the characteristic equation

cos(  L) cosh(  L) = 1

(2.19)

The characteristic equation has infinitely many roots, with the nth root being
denoted as (  n L) . The roots of the characteristic equation are given in Table 2.1. It will
be shown shortly that the roots of the characteristic equation give the natural frequencies
for the specimen.
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Table 2.1. Roots of the characteristic equation for a free-free specimen.

Root

0 L
1 L
2 L
3 L
4 L
5 L
n L

Value
0(rigid body)
4.73004074
7.85320462
10.9956078
14.1371655
17.2787597
(2n+1)π/2 , >5

Since [B] is required to be singular, then its two rows are linearly dependent, i.e., they
differ only by a constant. Hence, only one row is used. The first row in Eq.(2.18) gives the
result
a1 = −a2

cosh(  n L) − cos(  n L)
sinh(  n L) − sin(  n L)

(2.20)

(It would be equally valid to use the second row, as well). Note that the (  L) terms
have been replaced by the roots (  n L) , since these discrete values insure the singularity
of the matrix [B]. Substituting Eq.(2.13), (2.15), and (2.20) into Eq.(2.9) gives the result
x
x

x
x 




X n ( x) = −a2 cosh (  n L)  + cos (  n L)  −  n sinh (  n L)  + sin (  n L)  
L
L
L
L










(2.21)

where n = 1,2,3,… and  n = cosh(  n L) − cos(  n L)
sinh(  n L) − sin(  n L)
Eq.(2.21) describes the nth flexible "mode shape" for a free-free specimen. Each of
the n mode shapes satisfies the spatial differential equation, Eq.(2.7), and associated
boundary conditions for the free-free specimen. A free-free specimen will execute only
motions which are some combination of these mode shapes. The first 5 mode shapes for
a free-free specimen are shown in Figure 2.3. The mode shapes in the figure have
arbitrarily been normalized to have a maximum value of unity. The points where the mode
shapes have a value of zero are called "nodes", and these correspond to points on the
specimen which remain stationary as the specimen vibrates.
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Figure 2.3. First 5 mode shapes for a free-free specimen

Let us now shift our attention to the temporal differential equation, Eq.(2.8):

n 2
 2T  L T
2
4
+

+

T
=
0

=
, n
t 2 m t
c2
Notice that the arbitrary constant

(2.22)

 has been replaced by the constant n . Recall that

since only certain discrete values of  are allowed, then it follows that only certain
discrete values of

 are allowed. Eq.(2.22) has the solution
Tn (t ) = Bn e − t cos(n 1 −  2 t + n )
n

(2.23)

where the unknown constants Bn and n n are obtained through the application of initial
conditions (i.e., the initial displacement and initial velocity of the specimen). The
substitution of Eq.(2.21) and (2.23) into Eq.(2.5) gives an expression for the unforced,
undamped motion of a free-free specimen:


y ( x, t ) =  yn e −  t cos(n 1 −  2 t + n ),
n

n =1

cosh  (  L ) x  + cos  (  L ) x 

 n

 n



L
L




yn ( x ) = − An 

− cosh(  n L ) − cos(  n L) sinh  (  n L ) x  + sin  (  n L ) x 
 


L
L  


 sinh(  n L ) − sin(  n L ) 


(2.24)

where the rigid body modes (translation and rotation) have been neglected. Notice from
the summation index in Eq.(2.24) that the response of the specimen depends on all modes
of vibration. Additionally, it can be seen that the n th mode shape of vibration occurs at
the natural frequency n . By Eq(2.22), the n th natural frequency of vibration, associated
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with the n th mode shape, is given by

(  L)
n =  n c = n 2

2

2

L

EI
A

(2.25)

Actually, the vibration mode of the speicmen is detergent on where the supports are
located, thus the motion equation of the speicmen can be further simplified, and will be
detailed in simulations in Section 2.5. The reference point on the specimen will be
interested, whose vibration will be detected by SMI sensing part.

2.4

Mathematical model for SMI sensing

The mathematical model of the SMI can be either derived from the classical three
mirrors model consisting of a Fabry-Perot type laser with facet reflection coefficients r1
and r2 , and the target with the reflection coefficient of r3 [115], or by well-known Lang
and Kobayashi (LK) equations which are based on Lamb’s equation and modified with the
additional equation for the state concentration [116]. Compared to the three mirrors
model, the LK equations describe the active material and carry a description of laser
oscillator equations which yield a much more complete description of the dynamic
behavior of a single mode SL with external optical feedback. The well-known LK equations
[117] were first proposed in 1980 and the model consists of three simultaneous Delay
Differential Equations which are shown as below:
dE (t ) 1 
1



= G  N (t ), E 2 (t )  −  E (t ) +
 E (t −  )
dt
2



p
in


 cos 0 +  (t ) −  (t −  ) 

d (t ) 1 
1   E (t −  )
=  G  N (t ), E 2 (t )  −  − 
dt
2 
 p   in E (t )

(2.26)

(2.27)

 sin 0 +  (t ) −  (t −  ) 

dN (t )
J
N (t )
=
−
− G  N (t ), E 2 (t )  E 2 (t )
dt
eV
s

(2.28)

where G  N (t ), E (t )  is the modal gain per unit of time and is expressed as [118, 119]:
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G  N (t ), E (t )  = GN  N (t ) − N 0  1 − E 2 (t ) 

(2.29)

and when ignoring the nonlinear effect, the modal gain can be simplified as:
G  N (t ), E (t )  = GN  N (t ) − N 0 

(2.30)

Eqs (2.26)-(2.29) describe the dynamic behavior of the three variables, namely the
electric field amplitude E (t ) , the electric field phase  (t ) and the carrier density N (t )
where t is the time index.  (t ) is given by  (t ) =  (t ) − 0  t , and where  (t ) is the
instantaneous optical angular frequency for an SL with EOF.
The dynamics of the SL with an EOF system are governed by the injection current ( J )
to the SL and the parameters associated with the external cavity including



and  . The

other parameters in Eqs. (2.26)-(2.29) are related to the solitary SL itself, and are treated
as constants for a certain SL. These parameters are defined in Table 2.2[118]. Note that
the values of the parameters provided in Table 2.2 are adopted from [118].

Table 2.2 Physical meanings for the internal cavity parameters in LK equations

Symbol

Physical Meaning

Value

GN

modal gain coefficient

8.110−13 m3s−1

N0


carrier density at transparency

1.11024 m−3
2.510−23 m3



nonlinear gain compression coefficient
confinement factor

0.3

p

photon life time

2.010−12 s

 in

internal cavity round-trip time

8.010−12 s

line-width enhancement factor
elementary charge

6.0

e

1.610−19C

V

volume of the active region

1.0 10−16 m3

s

carrier life time

2.010−9 s



The core part of the SMI model is derived from the stationary solutions of the above
LK equations. Let Es , N s and s represent the stationary solutions of LK equations for
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electric field amplitude, carrier density and angular frequency respectively. When the
system described by Eqs. (2.26)-(2.29) enters into a stationary state, we have

dE (t )
=0,
dt

d (t )
dN (t )
= s − 0 and
= 0 . Substituting E (t ) = E (t −  ) = Es , N (t ) = N s , and
dt
dt

 (t ) = (s − 0 ) t into Eqs. (2.26)-(2.29) and ignoring the nonlinear gain, the well-known
stationary solutions can be obtained as below [93, 116-118, 120, 121]:

s = 0 −


 1 +  2 sin(s + arctan  )
 in

N s = N0 +
Es2 =

(2.31)

2 cos(s )
1
−
 p GN
 inGN

(2.32)

J (eV ) − N s  s
GN ( N s − N 0 )

(2.33)

From Eqs. (2.31)-(2.33) and by considering a moving target, the existing SMI model
can be obtained as below by introducing:

0 = 0 , s = s and C =   1 +  2
 in

(2.34)

Then Eq. (2.31) becomes:

s = 0 − C sin s + arctan( ) 

(2.35)

where 0 is associated with the external cavity length L0 , i.e.,

0 = 4 L0 

(2.36)

where 0 is the unperturbed laser wavelength.
Equation (2.35) is called the phase equation which is the core part of the existing SMI
model, and is the same equation as derived by the three mirrors model (see Eq. (2.35)).
By substituting Eq. (2.32) into Eq. (2.33), the normalized variation of the SL output power
(that is the so called SMI signal g ) can be obtained and described as [93]:

G = cos(s )

(2.37)

Equations (2.35) and (2.37) constitute the existing SMI model which has been widely
accepted to describe the waveforms of SMI signals [93, 121-128], which contain important
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information of external target. As seen in Eqs. (2.35) and (2.37), there is a straight forward
procedure to constitute g , i.e., 0 → s → G , and also a straight backward procedure,
i.e., G → s → 0 , to obtain 0 , thus retrieving the external cavity information, i.e. the
resonant frequency in y (t ) .

GND

PD
LD
Lens

Lfixed

y (t )

Figure 2.4. Measurement scheme

Figure 2.4 presents a basic scheme of measurement. Due to a mathematical
relationship as Eq. (2.36) shows, L0 actually contains the fixed cavity length Lfixed , which
equals to the surface of the laser cavity to the surface of the external target while the
target stays static, and the fluctuation y (t ) while the target moves.(See Figure 2.4).
However, SMI corresponding to Lfixed is a direct constant, which can be removed. So

0 = 4 L0  can be equivalently simplified as 0 (t ) = 4 y(t )  , where y (t ) contains
desired resonant frequency information, which is necessary for Young’s modulus
measurement.

2.5

Simulation analysis

Simulation of the extraction of the resonant frequency can be divided into three
parts. 2.7.1 will give the self-mixing interferometry signal under damping vibration.
However, the direction influence may result from the internal parameters of the laser
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diode-  and C . These two influences are as well described separately in 2.7.1.1 and
2.7.1.2. FFT is employed for the final extraction of the resonant frequency value from the
damping vibration- corresponding self-mixing interferometry signal in 2.7.2.

2.5.1 Features of an SMI signal under damping vibration
Based on the derivation above, the static solution, also conceived in 2005 [121], of
Lang Kobayashi Equations is used to describe the behavior of a laser diode subject to
different feedback levels caused by a target at a certain distance. Generally, an SMI system
can be used to measure the displacement of the external target, while in this thesis, the
external target is the specimen as described previously, and we will use the SMI to pick up
the vibration signal y (t ) , which contains the wanted frequency information f RO . The
corresponding phase equation (2.39) and the variations of the optical output power under
feedback (2.40) are rewritten as following.

0 (t ) = 4 y(t ) 

(2.38)

s (t ) = 0 (t ) − C sin s (t ) + arctan( ) 

(2.39)

G (t ) = cos(s (t ))

(2.40)

P(t ) = P0 [1 + mG (t )]

(2.41)

P0 is actually the unperturbed optical output power.

Close to laser

y ( x, t )

y ( x, t )

x

x
Away from laser

Figure 2.5. Visualization of the specimen’s vibration

In practical, the specimen will be placed on supports as Figure 2.5 shows to vibrate
freely. Hypothetically, the laser beam was deployed at very left end of the specimen,
where a coordinate system is established as the reference system, i.e. here x = 0 .
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Equation (2.24) can thus be simplified as y (0, t ) , and let y (0, t ) = y (t ) , resulting in


y (t ) =  yn e − t cos(n 1 −  2 t +  ),
n

(2.42)

n =1

where  is the damping ratio (typically  = 0.001 ~ 0.002 );  depicts the initial phase of
the magnitude of the vibration.
After two supports are located, this can simplify the mode-coupled situation which
may happen in practical, because n may differ and simultaneously exist with many values
in Eq.(2.42). Once let n be a single value (i.e. n 81 or 2 or…), the specimen can vibrate in
one basic mode, and the motion trail of the reference point is recognized as the regular
damping vibration with one mode.
Consequently, the nodal support for the specimen introducing n 81, 1L = 4.73 . (See
Table 2.1). In this case, 2 f RO = 1 1 −  2 , so the relationship between f RO and f1 is
f RO = f1 1 −  2 . Supposing  is 0, the vibration signal y (t ) in Eq.(2.42)at the position

with x = 0 can be expressed as below

y (t ) = A0e − kt cos(t )

(2.43)

where A0 is the amplitude of damping vibration;
k=


1− 

2

 2 f RO

(2.44)

the attenuating coefficient;  = 2 f RO the angular frequency.
The specimen we used is a rectangular brass bar (with L 8 138.35 mm, b 8 12.06
mm, h 8 2.23 mm, m 8 30.65 g) and its Young’s modulus is estimated as 120 Gpa from
the literature [129]. Thus, its f RO is calculated as 444 Hz by Eq. (2.1).
According to Equation (6), if we let  8 0.0015, y (t ) can be roughly generated by
the brass specimen as
y (t ) = 11.05  e −4.6t cos ( 2  444t )

(2.45)

For simulations, the parameters associated to the SMI measuring system are set as

f s 8 3 MHz (considering the bandwidth of the detection circuit used for experiments is 3
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MHz), 0 8 785 nm, and we choose C 8 3,  8 3 in Eq. (2.39), and the external cavity
length is h0 8 0.5 m.
From y (t ) , we can obtain 0 (t ) through Eq. (2.38), then s (t ) by Eq. (2.39), and
finally, we can get G (t ) using Eq. (2.40). Note that in the simulation, we use G (t ) to
replace P(t ) . In practice, G (t ) can be gained by normalizing P(t ) through Eq. (2.41).

Zoomed-in area (c)

y(t) (um)

50

0

-50

0

0.2

0.4 t (s) 0.6
(a) Vibration signal y(t)

0.8

1

Zoomed-in area (d)

G(t)

1
0
-1
0

0.2

t (s) 0.6

0.8

1

(b) SMS signal G(t)

2
y(t) (um)

0.4

1 / f RO

0

-2

0.75

0.752

0.754 t (s) 0.756
(c) Zoomed-in y(t)

0.758

0.76

0.758

0.76

G(t)

1
0
1 / fF

-1
0.75

0.752

0.754 t (s) 0.756
(d) Zoomed-in G(t)

Figure 2.6. (a–d) Simulation results from y(t) to G(t)

Figure 2.6(a) and (b) show the waveform of y (t ) and G (t ) , and their corresponding
zoomed-in parts illustrated with red dotted line in Figure 2.6(a) and (b) are shown in Figure
2.6(c)-(d). It is well noted that
•

The fringe resolution roughly reflects  / 2 of vibration amplitude of the reference
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point on the specimen;
•

While the reference point is getting close to or away from the laser, the
corresponding SMI signal respectively appears moving generally in a same manner
as the reference point;

•

The fringe number decreases, while vibration amplitude reduces as time passes;

•

It is obvious that the fundamental period of SMI signal (denoted by 1/ f F in Figure
2.6(d)) is just equal the fundamental vibration period of the vibration 1/ f RO
denoted in Figure 2.6(c).
Therefore, G (t ) can be applied with FFT to retrieve the resonant frequency of the

vibration of the specimen for calculation of Young’s modulus.

2.5.2 Extraction of the resonant frequency
Many standards have extensively investigated empirical equations for calculation of
Young’s modulus based on extraction of resonant frequency either sonic or resonant
methods [35, 36, 114]. The basic principles were all to measure the resonant frequency
of the vibrating specimen.
From the features of an SMI signal described in last section, the fundamental
frequency of SMI signal is the same as the vibration frequencies of the target. Hence, FFT
can be applied on the DVSMI signal to retrieve the resonant frequency. When we assume
the amplitude of vibration y (t ) equal to
y (t ) = 10  785 10−9  cos(2  500t )

where, the internal parameter of laser diode,

(2.46)

 and C are both given as 3. The DVSMI and

its FFT spectrum can be obtained in Figure 2.7.
In simulation configurations, the signal length for FFT is chosen as 200 thousands,
while the sampling rate for signal capture is set as 200 MSPS. So the resolution of FFT
result can be as high to reach 1Hz as possible.
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(a)

(b)
Figure 2.7. (a)Damping vibration signal and its FFT result and (b) DVSMI and its FFT result.

It is worthy noted that when the resonant frequency of the vibration is provided as
500Hz in Eq. (2.46), the first dominant and highest frequency component in the
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corresponding FFT spectrum being 500Hz coincides with the result of DVSMI after FFT is
applied as well. In this case, the resonant frequency extracted from the FFT result of
DVSMI can be utilized as the fundamental resonant frequency for Young’s modulus
calculation.

2.5.3 Influence SMI parameters
During the development of SMI application, the linewidth enhancement factor is a
fundamental descriptive parameter of the LD since it characterizes LD regarding to
spectral effects, modulation response, injection lock range and the response to external
optical feedback [130]. So, it is important to understand the influence of the linewidth
enhancement factor to the FFT results for measurement. The feedback level tells the
operational mode of an LD application system, and forms the profile of a SMI signal, which
will exert inevitable effect on FFT for resonant frequency extraction. We will study how
they will influence the measurement of f RO .
Now we still use the parameters previously set in Section 2.5.1 and let the feedback
level equal to 3, to see the influence of the line-width enhancement factor

 on the FFT

spectrum. Based on Eqs. (2.38)-Eq. (2.40) and Eq. (2.46), DVSMI signal can be plot using
MATLAB below.
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Figure 2.8. DVSMI signal and the corresponding FFT result under various

It is noted that when we set

 value while C = 3

 respectively as 1,3,5,7,9, the dominant frequency

component all remains same as the frequency value set in Eq. (2.46), indicating that
reliable results of fundamental frequency can be obtained through FFT under various

.

 is increased, the dominance of the first peak of frequency component is
strengthened and increasing trend largely proportionate to the increment of  when 
is larger than 3. A conclusion that can be made is that the influence from  on FFT
spectrum of DVSMI is scarce when  varies from being larger than 3.
As

As the feedback level varies thus results in a great change to DVSMI signal, its
influence can be estimated as shown in Figure 2.9 with anticipation. In Figure 2.9,
feedback level C was respectively set as 0.5,1.8,4.6,6, while  was set as 3.
It is observed that when C was assumed as 1.8, 4.6, 6, the fundamental resonant
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frequency can be achieved right at 500Hz, which matches the value set for simulation.
However, when C falls in to the range of weak feedback, e.g. C 80.5, though a very small
portion can be detected at 500Hz, its amplitude is inadequately dominant enough to be
selected as the frequency component for Young’s modulus calculation.
A similar trend found is the amplitude of the fundamental resonant frequency value
becomes more dominant as C grows, especially when C spans from weak to moderate
feedback level.
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Figure 2.9. DVSMI signal and the corresponding FFT result under various C value while  = 3

Admittedly, small amplitude of the fundamental resonant frequency component in
Figure 2.9 can be discovered directly from the visual pattern of the DVSMI signal and
attributed to the amalgamation of upper and lower fringe bunches illustrated in Figure
2.9.
To avoid this unwanted impact from C , C can be controlled through using a
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polished surface of sample to be tested or a light material like small piece of paper
attached to the tested point on the sample. In practical, it is hard to reproduce the
situation when C is smaller than 1.

2.6

Summary

This chapter mainly gives a systematic introduction of overall measuring system.
2.2 describes the relationship between Young’s modulus and the resonant frequency,
as well as the schematic measuring system. The mathematical model for vibrating
specimen and the SMI sensing are well established for consolidating a relationship for
Young’s modulus and the modulated power signal of the laser diode.
Simulations consist of a presentation of features of an SMI signal under damping
vibration, application of Fast Fourier transform and probable influence from internal
parameters of the SMI measuring system, such as line-width enhancement factor and the
feedback level. Fast Fourier Transformed has been applied on this simulation signal for
verifying if resonant frequency can be successfully retrieved for Young’s modulus
calculation. The results show a very good measured resonant frequency value that can be
obtained even under the influence of one of the internal parameters of laser diode, the
linewidth enhancement factor. But results obtained under different feedback level may
differ, however, this can be offset by controlling the feedback strength falling within the
moderate level.
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Chapter 3

Implementation of the

proposed system
3.1

Introduction

A mathematical connection has been built up for explanation of the relationship
between Young’s modulus, the specimen’s vibration and the corresponding SMI signal, so
in this chapter, the overall system designs, the verification of the designs and the
experiments of measurement will be mainly covered.
3.2 describes the system design that mainly consists of designs for mechanical parts,
optical parts and the processing units. The first mechanical parts contain the dimension
requirements for the specimens, the size of the steel ball for stimulation on the specimen.
The optical design refers to the model selection of the laser diode, temperature
maintenance and cavity length control. The processing units, in terms of the transimpedance amplifier circuit for transforming the current to voltage and the model
selection of data acquisition card are as well discussed in 3.2.
In 3.3, based on Timoshenko beam theory, the amount of amplitude by which the
specimen vibrates in the practical experiments will be measured to verify the feasibility of
employment of an SMI system for comparatively large displacement measurement in that
SMI system can basically measures the vibration amplitude larger than half wavelength.
Elaborate experiment procedures are detailed prior to actual experiments in 3.4,
whose results will have been compared with traditional tensile test in literatures.
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3.2

System design

Electronic parts

Mechanical parts
Optical parts
Figure 3.1. Overall design diagram

As the schematic measuring system is shown in Figure 2.1, the overall physical design
is shown in Figure 3.1. The system design involves three parts: Mechanical, optical and
electronic parts.
Mechanical part contains designs for four modules. Each module design plays an
indispensable role in each part. To obtain the resonant frequency, manual or automatic
stimulation of the specimen in the measuring system is necessary, concerning the
magnitude and position of the force applied on the specimen. Supports are for precisely
producing the desirable vibration mode of the specimen. And the resonant method relies
on the characteristics of the specimen, so other properties of tested material including
manufacturing dimensions are very important. Platform design mainly aims to render the
experiments to be performed in an anti-interference atmosphere.
The second part is optical part, and is also a core part for providing a medium for
carrying the wanted and important information of the vibration of the specimen. To make
sure the whole measuring system work in a desired condition, e.g. consideration of the
stability of the self-mixing system, the feedback level within which the system can
successfully measures the frequency, and the collimation design work of the light beam
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in the fiber, and so on, modules in optical part needs to be elaborately designed.
Signal that carries wanted vibrational information needs to be converted for further
processed, such as conversion of the current to voltage, voltage amplifying and effective
extraction of the resonant frequency, so the electronic part is to some extent the key to
establish and optimize an accurate measuring system.
Many standards have elaborated the details of an integral system for measurement
of Young’s modulus based on resonance methods. In general, the previous systems in
literatures consist of an impulser, a suitable pickup transducer to convert the mechanical
vibration into an electrical signal, an electronic system (consisting of a signal
conditioner/ampliﬁer, a signal analyzer, and a frequency read-out device), and a support
system [114]. The current system proposed in the thesis mainly contains the similar parts
as previous, but details are determined to be presented briefly into following three blocks
as shown in Figure 2.1: mechanical, optical and electronic units.

3.2.1 Mechanical design
3.2.1.1 Materials
The system of determining the moduli is applicable to composite and
inhomogeneous materials only with careful consideration of the effect of
inhomogeneities and anisotropy. The character (volume fraction, size, morphology,
distribution, orientation, elastic properties, and interfacial bonding) of the reinforcement
and inhomogeneities in the specimens will have a direct effect on the elastic properties
of the specimen as a whole. Avoidance of effects needed to be considered in interpreting
the test results for composites and inhomogeneous materials, commonly seen materials
such as brass and aluminum alloy will be used for experiments. [114]
Additionally, the ratio of dimensions of the test sample needs to be considered.
Particularly, if the length is 20 times longer than the thickness, there is correction factor
shown in Eq. (2.2) that needs to be rectified in for empirical Eq.(2.1). Otherwise, preknowledge of Poisson’s ratio is necessary. Or an iterative process in Figure 3.2 is required
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for determination of Poisson’s ratio, based on the values of Young’s modulus and shear
modulus from experiments if Poisson’s ratio is unknown.

Figure 3.2. Process flow chart for iterative determination of Poisson’s ratio

To avoid the tedious calculation process that may even deteriorate the accuracy of
Young’s modulus measurement, the length for the sample is selected as long 20 times
larger than the thickness as possible.

3.2.1.2 Support
Supports for the measuring system are necessary for providing both an antiinterference environment and stability which can keep the system exclude any other
undesirable vibration from ambience and possibility that multimode may exist
simultaneously. According to the standard [114], though soft materials, such as a
compliant elastomeric material, like polyurethane foam strips can be used, actually these
supports are tested to be too shock-absorbed to offer a vibrating signal for the measuring
system. The supports shall not only serve to isolate the specimen from extraneous
vibration without restricting the desired mode (i.e. first mode) of vibration, but readily
generate a support for stabilizing the experiment specimen vibrating in a comparatively
longer time.
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Figure 3.3. (a) Normalized 1st-order mode vibration of a free-free rectangular specimen; and (b)
mechanical support for achieving 1st-order vibration.

When we let n equals to 1 in Eq. (2.24), Xˆ n ( x ) complies with the tendency as shown
in Figure 3.3. This is the space of distribution of first mode of vibration of the mass point
of the specimen at the moment when a singular strike is provided to the maximum
position, where the elastic of the specimen energy reaches maximum. The two
intersection points of the curve with the transversal axis are the nodal points, which
means the points will remain static while the specimen is stimulated in vibration.
Therefore, two supports are located on two lines that these two points locate to isolate
extraneous modes of vibration. (See Figure 3.3.) At the same time, the other two points
at each end of the specimen are hence the anti-nodal points, where the amplitude of
vibration of the mass points will achieve the largest value, and the laser beam for
detecting the feedback DVSMI signal will thus be focused. In practical, the point in the
middle of the specimen is anti-nodal point as well, but it is inapplicable to be a detection
point due to its pick-up location of inconvenience and smaller amplitude of vibration than
the points at both ends.
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(a)

(b)
Figure 3.4. (a)Transversally translatable platform and the fixture and (b) vertically mobile
platform

While the tests are performed, dimension of specimen sometimes varies. One of the
supports of the triangular prism is placed on a small platform which can be transversally
translated and is fixed onto a pole which can be adjusted vertically. The other support of
the triangular prism was tied onto a vertically mobile platform, so the cavity length can be
easily altered in circumstances of focusing the laser beam or varying the feedback level.
The whole supports of fixture are all immobilized onto a pneumatized vibration isolation
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table to exclude undesirable interference.

3.2.1.3 Stimulation
The exciting impulse is imparted by lightly striking the specimen with a suitable
stimulator, which can either be a polymer stick with a steel ball glued to its one end as
indicated in the standard [114] or just a steel ball with a guided tube. (See Figure 3.5). The
system’s performance is restrained from the PD, the trans-impedance circuit and the data
acquisition card used for acquiring and processing units, and the system bandwidth that
determines the fringe number of the SMI signal, which also as a direct relationship with
the amplitude of the reference point on the specimen. So, bandwidth required by the
measuring system needs to be gauged for evaluating the amplitude of the vibration. Finally,
the size of the steel ball can be achieved from the amplitude of vibration that system can
bear within the maximum.

(a)

(b)

Figure 3.5. (a) A polymer stick with a steel ball glued to one end and (b) guided tube to lead the
stimulator

A. Maximum size of the steel ball
For a given specimen vibrating in the first mode of vibration, if we denote A0 as its
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initial maximum amplitude of the reference point on the specimen, Rsteel as the radius of
the steel ball for stimulation, let us build the relationship between Rsteel and the systemassociated parameters.
Normally, PD’s maximum detection frequency is around 10 MHz, the detection circuit
currently used in our experiment has bandwidth of 4MHz and the DAQ card we used in NI
USB-6361 with 2 MHz sampling rate. We denote the overall detection bandwidth of the
measuring system as Bd . Thus, the sampling frequency f s in DAQ card, according to
Nyquist’s Sampling Theory, should be f s = 2 Bd at least.
Then we consider the bandwidth of an SMI signal (denoted by Bs ). Bs can be
estimated according to the feature of SMI signals [131-133]. Since each fringe in an SMI
signal corresponds to half wavelength displacement of the external target, A0 means the
number of fringe is about

8A0

0

during the first vibration period (

1
, f RO being the
f RO

fundamental resonant frequency) . Hence, we can roughly estimate the fringe frequency
as

8 A0 f RO

0

. Further considering the SMI fringe is saw-tooth-like, the harmonics of the

fringe frequency can reach up to at least 30th-order. Thus Bs can be expressed roughly as

Bs = 240 A0 f RO / 0

(3.1)

The signal bandwidth must not exceed the one of the system, which means we
should have Bs  Bd .Thus, the maximum A0 can thus be approximately determined by
A0 

f s 0
480 f RO

(3.2)

Next, we consider the relationship between A0 and the steel ball’s size Rsteel . In our
design, the ball slides down along a guided tube and impacts on the center of the
specimen as described in Chapter 2. The tube is installed with a tilt angle with respect to
the specimen’s plane. When the steel ball impacts onto the specimen, the generated
impulsive force will cause a corresponding A0 . Combining the Eqs. (2.1), (3.9) and (3.10),
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the impulsive force is expressed as below
FI =

45.432 

mf RO 2 L3 I z A0
6.585h 2

(1.000
+
) − 2qa(a 3 + 6a 2 L − 6aL2 + L3 )
bh3
L2
3a( L − 2a ) 2

(3.3)

where I z is the inertia moment of the specimen and equals to bh3 /12 . Eq.(3.3) tells that

FI is determined by A0 , f RO and the parameters related to the specimen.
Steel Ball

Guided Tube

Experimental
specimen

(a)

(b)

Figure 3.6. (a) Design scheme for the generation of the excitation and (b) experimental set-up

FI is also determined by the initial height h0 for relieving the steel ball and the steel
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ball related parameters.(See Figure 3.6 and Figure 3.17) Let us rewrite the Eq. (3.10) as:
( FI − mo g )td = mo 2 gh0

(3.4)

4
3

3
where mo =  steel Rsteel and td can be determined as 0.004 s. Thus, the radius of the

steel ball can be expressed as
3

Rsteel =

3FI td

(

4 steel gtd + 2 gh0

)

(3.5)

After combining Eqs. (3.2)(3.3) and (3.5), a suitable Rsteel can be worked out as
3

Rsteel 

45.4320 f s f RO mLbh3 ( L2 + 6.585h2 ) td

(

23040 steel a gtd + 2 gh0

) ( L − 2a )
2

(3.6)

the steel ball smaller than this size can generate a y (t ) with A0 meeting the detection
requirement of the measuring system.
B. Minimum size of the steel ball
On the other side, A0 also needs to satisfy the condition of minimum range where a
SMI system can well detect. As mentioned above, one fringe of SMI corresponds to half
wavelength of the laser, one fringe is the minimum for FFT applied on the SMI signal,
where

A0 

0
2

(3.7)

Substituting Eqs. (3.3) and (3.5) into Eq. (3.7), the minimum value for choosing the
steel ball can be determined as
3

Rsteel 

45.4320 f RO 2 mLbh3 ( L2 + 6.585h2 ) td

(

96 steel a gtd + 2 gh0

)

( L − 2a 2 )

(3.8)

which is the minimum size of the steel ball for generating a vibrating signal y (t ) that can
effectively be detected using SMI measuring system.
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3.2.2 Optical design
Optical design contains the model section for the laser diode, the controllers and the
provision of an effective detecting signal which can keep system working in a stable
condition. At the same time, in considering the compactness of the system, a fiberport
coupler (PAF2-2B, from THORLABS) and the collimator (850 nm, SMA905 from THORLABS)
are employed for the ease of transmission of the laser beam and convenience of the
reception. (See Figure 3.7 and Figure 3.6 (b))

Figure 3.7. Fiber coupler/collimator

Wavelength is of importance regarding to the resolution of measurement due to its
half wavelength correspondence to a fringe in SMI signal. Additionally, low power
consumption in laser diode may introduce much more difficulties for coupling the light in
a flexible measuring system. But actually, an optical spectrum analyzer is in need for the
coupling work.
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(a)

(b)
Figure 3.8. (a) Optical spectrum analyzer and (b) measured actual laser wavelength

As we can see in Figure 3.9(a), few lasing wavelength was changed as temperature
range spans above zero to 60. In addition, the threshold of injection current which often
increases linearly with the temperature as well. (See Figure 3.9(b).) Temperature
controller is usually needed in a highly precise measurement for internal parameters of
the laser diode or in applications where wavelength variation and the threshold current
are sensitive.
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(a)

(b)

Figure 3.9. Slight variation of the lasing wavelength while case temperature changes [134]

Regarding to the stability of a SMI system, reference [135] has demonstrated a
relationship between an estimated value of critical feedback level, the injection current
and the cavity length.

Figure 3.10. Experimental results. (a) for a fix
cavity length,

L0 80.25m, (b) for a fixed J / J th 81.3, where L0 is

J / J th ratio of injection current to its threshold value [135]

Though the feedback strength has an effect on the result for measurement of Young’s
modulus, it is unnecessary to determine its precise value. But a fact worthy to know is that
the larger the range of feedback level, the more possible for system being stable. As it is
shown in Figure 3.10(b), when injection current for laser diode is fixed, the range of
stability of the system increases as the cavity length is enlarged, where feedback level C
67

can be reached up to near 6, which is a common value as regular experiments in process.
So, the initial height h0 for relieving the steel ball in Figure 3.6 is set as 0.5m, as large as
possible.

3.2.3 Electronic design
The processing units mainly include three parts: the trans-impedance circuits, data
acquisition card and the personal computer. The main purpose of trans-impedance circuit
is to transfer the current signal of the PD obtained from the feedback of the external target
to voltage and have it amplified for further processing

Figure 3.11. Equivalent circuit of PD and its characteristic curve

The PD packaged at the rear of the laser diode is reversely biased and converts the
light to current under photodiode mode as shown in Figure 3.11.A signal converting circuit
was utilized for possible pin diagram of the laser diode shown in Figure 3.12.
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Figure 3.12. (a)Possible pin diagram of the laser diode and (b)solutions for both common anode
and common cathode mode

The left one of pin diagram in Figure 3.12(a) is common anode connected. When
switch A,B,C are positioned upward in Figure 3.12(b), the equivalent circuit can be
illustrated as the one shows in Figure 3.13(a); When switch A,B,C are positioned
downward, the equivalent circuit can be pictured as the one shows in Figure 3.13(b).
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+9V

R1

PD

-9V

R1

D

PD
D

(a)

(b)

Figure 3.13. (a) Common anode connection equivalent circuit (b) Common cathode connection
equivalent circuit.

PD are both connected reversely in Figure 3.13(a) and Figure 3.13(b), thus will
generate reverse light current. The voltage signal can be detected through using a resister
realizing the process of trans-impedance.
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Figure 3.14. Bode diagram of first designed AC band-pass circuit

As the frequency of fringe of SMI varies very fast, an AC amplifying module is required.
This module was first designed as a band-pass filtering circuit, whose bode diagram is
shown in
Figure 3.14, however, a saturation distortion-like SMI signal was found in
experiments, in that higher harmonics exist when feedback level is strong, and effective
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frequency components have been surpassed the band limit. (See Figure 3.15.)

Figure 3.15. Experimentally found saturation distortion-like phenomenon in SMI signal (lower
blue signal was the sinusoidal input)
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Figure 3.16. (a)High pass simplifying filtering circuit scheme, (b) its diagram and (c) the physical
designed amplifier circuits

Distortion can be solved as a high-pass filter was used in Figure 3.15(a). It is worthy
to know that in Figure 3.15(b), in order to maintain a certain magnification, signal
frequency component is required to be larger than 96.3Hz. In this situation, signal
acquired from the DAQ card can be guaranteed without any amplitude or phase lag. Figure
3.15(c) shows the physical designed amplifier circuits.

3.3

Verification of the design

Commonly, a stimulus of an IET system can either use a ball freely fallen or a singular
striker as the standard E1876-01 describes. However, the working range of the SMI system
relies on accurate calculations of the deflection of the test specimen due to the measuring
range that can only be kept in the situation where the vibration amplitude of studied point
on the specimen is larger than half wavelength of the laser (which commonly is nanometers level). Therefore, the calculation of the size of the stimulating ball is vital for
evaluating the feasibility of measuring system.
Aiming at obtaining the precise vibration amplitude of the specimen, the following
two steps are necessary:
•

The magnitude of the force needs to be fine determined, so the size of the stimulating
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ball can be calculated and a singular strike can be deliberately performed in practical.
•

Calculated force applied on the test specimen will be used for establishing the
equation of bending moment, which has a relationship with the deflection of the
beam, i.e. the amplitude of the specimen.

3.3.1 Equivalent force acting on the beam
A steel ball was first used to impact the centre of the sample that was supported by
two sharp triangular prisms. In avoidance of multiple bouncing on the sample after the
steel fall was freely fallen off, a guided tube was adapted to use as the lead rail letting the
ball freely fall off from the slope. Thus, a suitable angle for the guided tube was adjusted
so that after the steel ball was deliberately placed on the up end of the tube it can be
leaded through the tube and impact the right centre of the sample.

ltube

h0 m0 g

m0 g sin 


Guided tube

Vth

Experimented
sample

Vtv

Vt

Figure 3.17. The steel ball’s falling process

Figure 3.17 depicts the falling process of the steel ball. According to Newton’s Second
Law, the final velocity in perpendicular direction Vt of the steel ball right before it impacts
v

the sample above can be described by equations below.
Vtv 2 = 2 gltube = 2 gh sin 

where g is gravitational acceleration; ltube the length of the guided tube;
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(3.9)

h the initial

height where the steel ball is relieved;



the angle adjusted between the tube and

horizontal direction.
Applying theorem of momentum gives
( FI − mo g )td = moVtv

(3.10)

where FI is equivalent resultant average force acting on the sample; mo the mass
of the sample; td the duration of time that equivalent resultant average force was
acting.
Finally, the equivalent resultant average force can thus be expressed as follow.

FI =

mo 2 gh sin 
2 gh sin 
+ mo g = mo g (1 +
)
td
gtd

(3.11)

3.3.2 Bending moment equations of the specimen
After the steel ball was rolling out of the guided tube, it would excite the sample at
the very center. It is noted that the sample is elastic material; it would bend whilst the
kinetic energy of the steel ball was being transferred to the elastic potential energy of the
sample. See Figure 3.18. The initial maximum deflection of the point on left or right of the
sample for incoming laser detecting can be achieved through equation of deflection curve.

w

Figure 3.18. The sample’s deflection process

According to the definition of simply supported beam, the support of a simply
supported beam can only transfer the force from horizontal and vertical directions, in the
view of small angles adjusted between the guided tube and vertical direction, the
horizontal force that generates when ball hits the sample can be neglected. As a result,
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the impulsive force from the steel ball’s falling off acted on the sample can be deemed
only from the vertical direction. The system consisted of triangular prisms and the sample
can be recognized as the combination model of a simply supported beam and an
overhanging beam. Then by using the free body diagram technique, the bending moment
and shear force distributions can be calculated along the length of the beam.
Let us take a simply supported beam as an example shown in Figure 3.19.
FBD (global equilibrium)

l/2
FRA

a
I1

I1

A

I2

FI

q

I3
I3

I2

FRB
I4
B

I4

l
Figure 3.19. FBD of beam

Step 1: Equate the equilibrium of the overall system. Starting with the vertical
equilibrium
+   FAy = FI + ql − FRA − FRB = 0

(3.12)

Taking moments of point on support A:
+

M

A

a
l
1
= qa  + FRB (l − 2a ) − FI ( − a ) − q (l − a ) 2 = 0
2
2
2

(3.13)

gives

FRA = FRB = (ql + FI ) / 2

(3.14)

where q = mb g / lb , and mb and lb are respectively the mass and the length of the beam;

FRA and FRB are respectively the ground reactions on A and B point.
Step 2: Cut the beam into four separate portions as indicated by I i (i81,2,3,4) in
Figure 3.19
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Figure 3.20. Separate portions scheme

Equate moments about right sides of each portion shown in Figure 3.20(a), Figure
3.20(b), Figure 3.20(c) and Figure 3.20(d),
+

M

o1

= M ( x1 ) + qx1 

x1
= 0 ( 0  x1  a )
2
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(3.15)

M

+

o2

M

+

= M ( x2 ) + qx2 

o3

x2
− FRA ( x2 − a ) = 0  a  x2  l 
2
2


= M ( x3 ) + qx3 

x3
l
− FRA ( x3 − a ) + FI ( x3 − ) = 0
2
2

(3.16)

(3.17)

l

  x3  l − a 
2


+

M

o4

= M ( x4 ) + qx4 

x4
l
− FRA ( x4 − a) + FI ( x4 − ) − FRB ( x4 − l + a ) = 0
2
2

(3.18)

( l − a  x4  l )
Consequently, the equation of bending moments for each separate portion can be
determined as follows.

q
M ( x1 ) = − x12 ( 0  x1  a )
2

(3.19)

F + ql
( F + ql )a 
q
l
M ( x2 ) = − x2 2 + I
x2 − I
a  x2  

2
2
2
2


(3.20)

ql − FI
F l − ( FI + ql )a
q
M ( x3 ) = − x32 +
x3 + I
2
2
2

l

  x3  l − a 
2



q 2
ql 2
M ( x4 ) = − x4 + qlx4 +
( l − a  x4  l )
2
2

(3.21)
(3.22)

These are the equations of bending moments of the specimen, which will be used to
determine the potential vibration of each reference point on the specimen. In the next,
maximum vibration of the reference point on left or right end of the specimen will be
estimated to verify the feasibility of all designs.

3.3.3 Determination of the deflection of the specimen
The deflection of the specimen, i.e. the initial vibration magnitude of the specimen,
is from two aspects: the portion while it rests peace due to the influence of practical
gravity and the one resulted from the providing stimulation. It is well known that the
approximate differential line of deflection equation of beam can be described by the
following expression.
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d 2w M
=
dx 2 EI z

(3.23)

where w is the deflection curve of beam; E the Young’s modulus and I z the inertia
moment of beam. Therefore, the deflection of beam in arbitrary cross section can be
solved by using the Eq. (3.23).
For straight beams, EI z remains a constant. Eq. (3.23) can be rewritten as follow.

EI z w = M ( x)

(3.24)

EI z = EI z w =  M ( x)dx + C

(3.25)

Integrating Eq. (3.24) gives

where



is the rotation angle after beam is loaded or impacted.

Second integrating gives the equation of the deflection curve

EI z y = EI z w =  (  M ( x)dx)dx + Cx + D

(3.26)

In order to obtain the initial deflection of the left/right point on the beam, using Eq.
(3.24)-(3.26), equations of the deflection curve of each separate portion can be calculated
in Table 3.1.
Table 3.1. Equations of bending moments, rotation angles and deflections

1st portion

( 0  x1  a )

2nd portion
l

 a  x2  
2


M ( x1 )

q
= EI z w1 = − x12
2

EI z1

q
= EI z w1 = − x13 + C1
6

EI z y1

= EI z w1 = −

q 4
x1 + C1 x1 + D1
24

F + ql
( F + ql )a
q
M ( x2 ) = EI z w2 = − x2 2 + I
x2 − I
2
2
2

EI z 2

F + ql 2 ( FI + ql )a
q
= EI z w2 = − x23 + I
x2 −
x2 + C2
6
4
2
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EI z y2

= EI z w2 = −

q 4 FI + ql 3 ( FI + ql )a 2
x2 +
x2 −
x2 + C2 x2 + D2
24
12
4

ql − FI
F l − ( FI + ql )a
q
M ( x3 ) = EI z w3 = − x32 +
x3 + I
2
2
2
l

  x3  l − a 
2

ql − FI 2 FI l − ( FI + ql )a
q
EI z3 = EI z w3 = − x33 +
x3 +
x3 + C3
6
4
2

3rd portion

EI z y3
4th portion

( l − a  x4  l )

= EI z w3 = −

q 4 ql − FI 3 FI l − ( FI + ql )a 2
x3 +
x3 +
x3 + C3 x3 + D3
24
12
4

M ( x4 ) = EI z w4 = − q x4 2 + qlx4 + ql
2

2

2

EI z 4

q
q
ql 2
= EI z w4 = − x43 + lx4 2 +
x4 + C4
6
2
2

EI z y4

= EI z w4 = −

q 4 q 3 ql 2 2
x4 + lx4 +
x4 + C4 x4 + D4
24
6
4

On account of eight unknown parameters ( C1~4 and D1~4 ) to be determined prior to
acquirement of deflection of each portion of the beam, eight boundary conditions are
required.
The constraint conditions for A point are

y1 = y2 = 0 , 1 = 2 , when x1 = x2 = a
i.e.

F + ql 2 ( FI + ql )a
q
q
− a 3 + C1 = − a 3 + I
a −
a + C2
6
6
4
2
−

F + ql 3 ( FI + ql )a 2
q 4
q
a + C1a + D1 = − a 4 + I
a −
a + C2 a + D2 = 0
24
24
12
4

The constraint conditions for B point are

y3 = y4 = 0 , 3 = 4 , when x3 = x4 = l − a
i.e.
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(3.27)
(3.28)

ql − FI
F l − ( FI + ql )a
q
− (l − a)3 +
(l − a) 2 + I
(l − a) + C3 =
6
4
2
q
q
ql 2
− (l − a)3 + l (l − a) 2 +
(l − a) + C4
6
2
2

−

ql − FI
F l − ( FI + ql )a
q
(l − a) 4 +
(l − a)3 + I
(l − a) 2 + C3 (l − a) + D3
24
12
4
q
q
ql 2
4
3
= − (l − a) + l (l − a) +
(l − a) 2 + C4 (l − a) + D4 = 0
24
6
4

(3.29)

(3.30)

l
2

When x2 = x3 = , i.e. at the middle of the beam, the deflection and rotation angle of the
beam should be the same, which is

y2 = y3 , 2 = 3
i.e.
F + ql l 2 ( FI + ql )a l
q l
− ( )3 + I
( ) −
( ) + C2 =
6 2
4
2
2
2
ql − FI l 2 FI l − ( FI + ql )a l
q l
− ( )3 +
( ) +
( ) + C3
6 2
4
2
2
2

−

q l 4 FI + ql l 3 ( FI + ql )a l 2
l
( ) +
( ) −
( ) + C2 ( ) + D2
24 2
12 2
4
2
2

ql − FI l 3 FI l − ( FI + ql )a l 2
q l
l
= − ( )4 +
( ) +
( ) + C3 ( ) + D3
24 2
12 2
4
2
2

(3.31)

(3.32)

Solving the Eq.(3.27)-(3.32) by using Cramer’s Rule in the Matlab yields

1
1
1
1
1
1
FI al − FI l 2 − ql 3 − FI a 2 + aql 2 − a 2 ql
4
16
24
4
4
8

(3.33)

1 4 1 3
1
1
1
1
1
qa + a ql + FI a 3 − a 2 ql 2 − FI a 2l + qal 3 + FI al 2
24
4
4
4
4
24
16

(3.34)

C1 =
D1 =

which now is available for determining the deflection equation of each section. For the 1st
section, the equation of deflection can be written as

EI z y1 = −

q 4 1
1
1
1
1
1
x1 + ( FI al − FI l 2 − ql 3 − FI a 2 + aql 2 − a 2 ql ) x1
24
4
16
24
4
4
8

1
1
1
1
1
1
1
+ qa 4 + a 3ql + FI a 3 − a 2 ql 2 − FI a 2l + qal 3 + FI al 2
24
4
4
4
4
24
16
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(3.35)

In this case, if the steel ball for impact test is given in diameter 4 mm( d0 = 4 mm), the
density of steel ball = 0.00785 g/mm3 , the height for reliving the ball h = 0.5 m , the
o
angle of inclination of the guided tube  = 80 , the duration time of impact when the

steel ball hits the sample td = 0.001 s, the equivalent force acting on the beam can be
calculated as FI = 0.1625 N.
As the dimension of the sample is 138.35mm x 12mm x 2.28mm and the density of
the sample is  = 8.65 mg/mm3, q and a can be determined by q =

beamVbeam g
and
l

a = 0.224  l , which are respectively q = 236.66 g/m and a = 30.99 mm. Finally, the initial

deflection of the point on the end of the beam for laser detection can be computed by
Eq.(3.35) as y1 = −6.55 μm.
The reason why y1 is minus is that there is already somewhat deflection when the
sample is in rest. Hypothetically, if we let FI = 0 , there would be no impact on the sample
and the deflection of the reference point on the sample in rest can be obtained as

y1in _ rest = −10.31 μm . After excitation by the steel ball, the reference point for laser
detection is thus equal to A = y1in _ rest − y1 = 3.76 μm.
Owing to the wavelength of the laser diode used for experiments is 785nm, and the
SMI resolution is half wavelength, i.e. 392.5nm, this is right good for measuring the
vibration magnitude 3.76 μm in such a few micrometers range. Hence, the proposed
design is quite fit the measurement by SMI technique.

3.4

Experiments

3.4.1 Experimental procedure and data acquisition
The overall experimental set-up is shown in Figure 3.21. The SMI measuring system
consists of a laser diode (LD) (L785P090 from THORLABS) with a micro-lens and a coupler
(PAF-X-2-B from THORLABS) with step-index multimode fiber optic patch cable (M67L02
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from THORLABS) for producing a fibre-carried laser beam, and final adjustable aspheric
FC collimators (CFC-2X-B from THORLABS) for collimating the laser beam on the test
specimen. A guided tube is used for leading the steel ball to fall onto the right position of
the specimen to generate desired mode shape of vibration of the specimen. Two
controllers are needed for generating the current for the LD and stabilizing the
temperature where system can smoothly operate. One is the laser controller (LTC100-B
from THORLABS), the other one is temperature controller (TED200C from THORLABS).
The experiments were conducted on two different material specimens, one of which
is a rectangular brass bar with L 8 138.35 mm, b 8 12.06 mm, h 8 2.23 mm and m 8
30.65g and the other one is an aluminum alloy 6061 specimen with L 8 132.43 mm, b
8 12.24 mm, h 8 2.00 mm and m 8 8.70 g. The radius of the steel ball for experiments was
set as Rsteel 8 3 mm within the maximum limit calculated by using Eq.(3.8). Then
experiments can be performed using the following steps.

Guided tube
Collimator
Supports

Test specimen

Laser diode

Fiber

Coupler

Figure 3.21 Overall experimental set-up

•

Step 1: Install the LD onto a laser mount; set the bias current on the laser controller
as 52.5 mA and the temperature on the temperature controller is stabilized to 25 ±
0.1 °C.
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•

Step 2: Install the specimen to be tested and use the coupler connected with the stepindex multimode fiber optic patch cable with the adjustable aspheric FC collimators
at the other end to adjust the distance between the specimen and the LD to form an
external cavity with 0.5 m long.

•

Step 3: Adjust the LD mount so that the measuring system can be operated in a
moderate feedback level by observing the waveform of the SMI signal.

•

Step 4: Place the steel ball on the up end of the guided tube and release it. As a result,
the specimen is stimulated into vibration. Correspondingly, a DVSMI signal is
produced by the measuring system and recorded by the oscilloscope and the
computer through the DAQ card. A MATLAB script programmed for sampling the
DVSMI signal is set to wait for collecting the signal.
For each specimen, Step 4 was repeated 10 times. Thus, 10 pieces of SMI signals were

collected and the corresponding spectrums are calculated by applying FFT. For illustration,
we show one pair of the experimental results for each specimen in Figure 3.22(a)-Figure
3.22(d). The sampling rates were all set as 200 KHz during the experiments. The data
length for each piece of signal is 200,000 points. Hence, the resolution of each spectrum
can reach to 1 Hz. From the spectrums in Figure 3.22(d), the first peak is detected as the
fundamental resonant frequency f RO . It is characterized as the highest peak in the
spectrum. The Measurement details of fundamental resonant frequency f RO for the two
spectrums (aluminum 6061 and the brass) are shown in Table 3.2.
Experiment
SMI
signal
brass
Experiment
SMS
signal
of of
brass
2

1.5

1.5

1

P(t)
SMS(V)
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P(t) (V)
SMS
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Experiment
SMI
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Experiment
SMS
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ofof
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2

0.5
0

1
0.5
0

-0.5
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-1.5
-2
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0.2

0.4
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Figure 3.22. (a,b) Experimental results of aluminum 6061; and (c,d) experimental results of
brass.

Table 3.2. Measurement results

Specimen
Times (N)

Aluminum 6061
f RO (Hz)

Brass

E (GPa)

f RO (Hz)

E (GPa)

1

599

70.2

451

116.6

2

598

70.0

450

116.1

3

599

70.2

451

116.6

4

598

70.0

451

116.6

5

597

69.7

452

117.1

6

598

70.0

451

116.6

7

599

70.2

451

116.6

8

598

70.0

452

117.1

9

599

70.2

451

116.6

10

598

70.0

451

116.6

Mean (μ)

598

70.0

451

116.7

Standard deviation (σ)

0.68

0.16

0.57

0.29

For the aluminum 6061 specimen, the measured resonant frequency values vary
from 597 Hz to 599 Hz and it is from 450 Hz to 452 Hz for the brass. It can be seen that
the proposed method can achieve the measurement for f RO with high repeatability. We
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then use the obtained f RO and Equations (1) and (2) to calculate the Young’s modulus and
the results are also presented in Table 3.2. We use standard deviation to describe the
measurement accuracy, which is calculated by
 =

1

N

(x
N

i

− )

2

(3.36)

i =1

where xi refers to each measurement result of f RO , or the calculated E shown in
Table 2. N 8 10.  is the mean value over the measured 10 values. From the standard
deviation given in Table 2, the measurement accuracy for f RO and E are respectively
calculated by (σ/μ) % as 0.23% and 0.25%. The Young’s moduli are 70.0 GPa and 116.7
GPa, respectively, for aluminum 6061 and the brass specimen. The two results fall in the
ranges of 69–72 GPa and 102–125 GPa reported in the literature [129].

3.4.2 Compare with Tensile Testing
Six standard dog-bone shaped flat specimens with gauge length 25 mm, width 10
mm and thickness 2 mm were taken from the above mentioned aluminum 6061 and brass
respectively [136]. Tensile tests were performed on an Instron 5566 testing machine at
room temperature with an initial strain rate of 10−3/s. The load values were recorded by
the load cell of the Instron machine. To ensure the measurement accuracy of Young’s
modulus, DANTEC digital image correlation system was adopted to record the
displacement of tensile specimens during the tests. Before testing, random speckle
patterns were generated on the specimen surfaces by spray painting. The overall
displacement of the entire gauge regions of the specimens was recorded by two high
speed cameras facing the speckled surfaces at a frame rate of 5 Hz. The images were 2448
by 2448 pixels with an 8-bit dynamic range. ISTRA 4D software was used to analyze the
images and obtain extension values of the gauge regions. The load obtained from the
Instron machine and the extension obtained from the DIC system were used to calculate
stress and strain values. The stress–strain curves were plotted afterwards. Young’s
modulus was obtained from the elastic deformation region of the stress–strain curves.
Figure 3.23 is the schematic experimental setup for tensile testing. As an example,
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Figure 3.24 shows one of the stress–strain curves obtained for aluminum 6061. The
Young’s modulus can be read by the slope of the linear region on the curve. It can be seen
that the linear region can be fitted by a linear equation y 8 66789x + 12.52, whose slope
is around 66.79 GPa, which is the Young’s modulus value.

5566 series mechanical testing systems
Test specimen
Load
Data
Acquisition

High-speed camera

Extension

Stress-strain
curve

Figure 3.23．Schematic experimental set-up for tensile testing

y = 66789x + 12.52

Figure 3.24． Stress–strain curve for an aluminum 6061 specimen obtained from tensile testing.

The results of the measured Young’s modulus are presented in Table 3.

Table 3.3．Results of Young’s modulus (GPa) by tensile testing.
Times (N)
Specimen
Aluminum
6061
Brass

1

2

3

4

5

6

Mean
(μ)

Standard
Deviation
(σ)

Accuracy
(σ/ μ%)

60.6

64.4

76.2

67.0

73.9

63.0

67.6

6.2

9.2

120.3

125.6

133.4

118.6

109.6

119.4

121.1

7.9

6.5
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By comparing the results in Table 3.2 and Table 3.3, it can be seen that the Young’s
modulus obtained by the measuring system for the two different materials are quite close
to the results measured by the traditional method—tensile testing. However, relative
large deviations are found from the tensile testing with 6.2 GPa for aluminum 6061 and
7.9 GPa for brass, and the corresponding accuracy are 9.2% and 6.5%, while the proposed
measuring system is able to measure the Young’s modulus with a satisfied accuracy, 0.23%
for aluminum 6061 and 0.25% for the brass. In addition, the measuring system needs only
one specimen for each material to obtain the Young’s modulus but multiple specimens
are required by tensile testing for higher accuracy.

3.5

Summary

This chapter presents an integral implementation for Young’s modulus measurement
using SMI measuring system, including the system design, verification of the
measurement and the experimental results.
The system design mainly contains the mechanical design, optical design and
processing unites, and is described in details in 3.2. For mechanical design, this chapter
mainly gives the requirement for dimension of the specimen, the supports for holding the
specimen and the ball size for the stimulation. The optical design includes collimation of
the laser beam, as well as the selection of wavelength, working temperature, current and
the cavity length for maintaining a stable working system. The processing units mainly
refers to the design of the trans-impedance of the amplifying circuit for converting the
current of the photodiode to the voltage and amplifying the signal by investigating the
bode diagram.
3.3 is given for verifying this feasibility of current measurement, based on calculating
the potential vibration amplitude while specimen is forced into vibration, which includes
two parts: the portion while the specimen rests peace the two ends of the specimen
droops due to the influence of practical gravity and the vibration amplitude resulted from
the providing stimulation. The vibration amplitude of the specimen while it rests static
can be calculated by establishing deflection equation of vibrating beam using free body
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diagram (FBD) technique. For measuring the amplitude while it is vibrating, the basic
equation of motion for a continuous beam needs to be established. Therefore, the
amplitude of vibration of the reference point on the specimen can be measured by the
addition of the two. And it is obvious that 6.55μm of the static deflection of the specimen
and 3.76μm when specimen is set into vibration all fall into the range where system can
easily reach.
In 3.4, the thesis presents the procedures for implementing the measurement of
Young’s modulus and compares the experimental results with the traditional tensile tests.
Accuracy of 0.23% for aluminum 6061 and 0.25% for the brass were obtained as the
results, showing a good agreement with the literature data, and a better result than
traditional tensile tests.
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Chapter 4

Discussions and other

applications
4.1

Introduction

Though experiments can be successfully performed followed by steps described in
section 3.4, the accuracy of the measurement results can be improved when many other
influences during the tests are under considerations, such as the resolution of FFT, the
supports for the vibrating specimen, the material behavior and the manufacturing process.
The accuracy of FFT relies on the resolution of FFT, which determines by the sampling
frequency and the data length. The details of this is analyzed in 4.2.1. To carefully maintain
the specimen vibrating in a wanted mode, precise position of the two supports are needed.
Situations with multiple modes of vibration coupled are as well taken into account for
separating the undesirable vibration modes in 4.2.2. Manufacturing errors or tolerance
for experimental specimens are necessary. In section 4.2.3, the manufacturing process
that includes surface treatment and discontinuities, shape requirement, edge treatments
and the propagation error from measured size and mass are discussed and analyzed.
As a characteristic set of mechanical resonant frequencies that relate to the object’s
mass, dimensions and Young’s modulus is existent in solid objects, in the case of
monolithic, isotropic specimens with simple geometry, this relation is straightforward.
These characteristic affiliations can thus be utilized for determinations of Young’s modulus,
shear modulus and Poison’s ratio and their changes as a function of microstructural or
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extensive parameters such as temperature. For materials in complicated shape or
presented with anisotropic performance, or containing multiple components, sometimes
the relationship is difficult to obtain. However, resonant method has been investigated for
long as powerful tool in quality control ever since 1937 by Forster [137] and resonant
frequency value has been being using for decades as a transition variable for numerically
characterizing the objects.
In this chapter, another typical application of resonant method based on SMI
measuring system for evaluation of energy loss is discussed. 4.3.1 gives the background
of the significance and the current status of and research. Both simulations, experiments
and discussions have been performed as the proof for this application in 4.3.2.

4.2

Experimental discussions

4.2.1 Resolution of FFT
Accuracy of calculation of Young’s modulus is dependent on the precision of
measured fundamental resonant frequency value. The resolution of FFT hence is of
paramount importance in determination of the frequency. As is well-known that the
resolution value has a mathematical relationship as

RFFT =

fs
Ldata

(4.1)

where, Ldata is the acquired SMI signal length, and the signal length can be also expressed
as Ldata =

fs
 n p . n p is the effective number of the period in the signal for FFT. Thus
f RO

RFFT =

f RO
np

(4.2)

So we should design the system with capability to generate a long effective data for FFT.
However, the detected signal is damping with time, once the vibration magnitude is less
than

0
2

, the SMI system is no longer able to pick up the signal.
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Let us see how many periods a DVSMI has. When we let A0e− kt in Eq. (2.43) equal to


1
, we will have tdata = − ln 0 , so
k 2 A0
2

0

n p = tdata f RO = −

f RO 0
ln
k
2 A0

(4.3)

Combining with the Eqs. (2.44) and (4.2), (4.1) generates
RFFT =

2 f RO
2A
1 −  2 ln 0

0

(4.4)

The resolution of FFT apparently relates to three aspects-the initial vibration
magnitude A0 depending on stimulation, the resonant frequency f RO that is related to
the material inherent characteristics, and the laser wavelength 0 . Since half wavelength
is the measurement resolution of SMI technology, hence, the smaller 0 is, higher
resolution (smaller value of RFFT ) will be.
In the next, we will discuss how to increase A0 (depending on stimulation) and
minimize f RO (related to the material inherent characteristics), so RFFT can be controlled
smaller as possible.

4.2.1.1 Stimulation
For a fixed dimension of a sample made from certain material, resonant frequency
always remains the same, as well as the damping ratio, which is determined by the media
where the experiment is performed, i.e. the air. Therefore, A0 becomes the only
determinant for a better resolution of FFT. It is obvious that larger A0 in Eq. (4.4) results
in a higher resolution (smaller resolution value) of FFT result. The smaller value of RFFT
is, more accurate the resonant frequency can be retrieved and the calculation of Young’s
modulus will be.
A0 is determined by the magnitude of stimulation. For a fixed dimension of specimen

to be tested, amplitude introduced by the impact of the steel ball is mostly contingent on
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not only Young’s modulus, but the density as well. Density and Young’s modulus of typical
engineering materials are listed in Table 4.1. For different materials such as metals,
ceramics and plastics, the minimum steel ball sizes are listed in Table 4.1 and the
maximum steel ball sizes are as calculated for generation of a maximum A0 , according to
which, the steel ball size for each category of material can be designed.

Table 4.1. Density and Young’s modulus of typical engineering materials [138], corresponding
system-accepted minimum and maximum steel ball size for stimulation and value of

Plastics

Density
(103 kg/m3)

Young’s
modulus
(GPa)
100

Minimum
ball size
(mm)
1.47



Maximum
ball size
(mm)
3.87

Cast Iron, grade 20

7.15

Steel, AISI 1045

7.70-8.03

205

1.87

4.45

Aluminum 2045-T4

2.70

73

1.32

3.12

Aluminum 6061-T6

2.70

69

1.30

3.92

Alumina

3.80

350

2.23

4.29

MgO

3.60

205

1.87

3.89

Nylon 6/6

1.15

2.0-3.6

0.40

1.64

Polyethylene(HDPE)

0.90-1.40

0.2-1.6

0.18

1.48

Polypropylene

0.90-1.24

1.4

0.35

1.42

Epoxy

1.25

3.5

0.48

1.66

Phenolic

1.35

3.0

0.46

1.63

Diamond

3.52

1220

3.38

5.21

s

Ceramic

Metals

Material

E

Generally, in order to increase the resolution of FFT (smaller value of RFFT ) for
retrieving the resonant frequency value, for metals and ceramics in Table 4.1, the steel
ball size can be designed as 3mm in diameter, and for plastics, 1.2mm will be the optimized
size for actual test if specimen is unknown.
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4.2.1.2 Material inherent characteristics
When the steel ball size for stimulation is determined, only slight difference was
found, hence the resonant frequency values to be tested becomes the factor that
influences the FFT results the most. This influence here is attributed to material inherent
characteristics. By reversely transforming the Eq.(2.1), the resonant frequency can be
obtained as
f RO =

Eh 2
0.9465TL4

(4.5)

As the dimension of specimen for test are all assumed the same, comparisons of

E



have been made through out for all the materials, whose results are shown in last column
in Table 4.2. The smaller
E



E



is, the value of resonant frequency that proportionate to

will be, thus leading to higher resolution of FFT (smaller value of RFFT ) and more

accurate Young’s modulus will be calculated. Figure 4.1 shows the distribution diagram of
common materials in the relationship schema of Young’s modulus and density.
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Table 4.2. Value of

E



of typical engineering materials in Table 4.1

E

Material
Metals

Ceramics

Plastics



Cast Iron, grade 20

3.74

Steel, AISI 1045

5.06

Aluminum 2045-T4

5.20

Aluminum 6061-T6

5.05

Alumina

9.60

MgO

7.55

Nylon 6/6

1.32-1.77

Polyethylene(HDPE)

0.36-1.33

Polypropylene

1.06-1.25

Epoxy

1.67

Phenolic

1.49

Diamond

18.61

Figure 4.1. Distribution diagram of common materials in the relationship schema of Young’s
modulus and density [139]
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It can be found from Table 4.1 and Figure 4.1 that resonant frequency, whose value
of E of plastic materials during range of 0 to 2 are more preferred to be measured in


current system, followed by metal in the range around 3 to 6 and ceramics in the range
around 7 to 9. And comparing with light materials, such as polyethylene foams, polymer
and rubbers tend to have higher resolution of FFT (smaller value of RFFT ) than wood and
wood products; for relatively heavy materials, metals are measured with higher resolution
of FFT than some ceramics and composites.
For the specimens, i.e. the brass and the aluminum alloy, we used for experiments,
the highest resolution of FFT (smallest RFFT ) can be obtained in Table 4.3 through the
density and the measured Young’s modulus and frequency value, combining the allowable
maximum A0 by using Eq. (4.2).

Table 4.3. Calculated resolution of FFT of experimental specimens

Brass

Density
(103
kg/m3)
8.24

Young’s
modulus
(GPa)
70.0

Aluminum alloy

2.68

116.7

Specimen

Damping
ratio

Frequency Maximum
A0 (um)
(GPa)

RFFT (Hz)

0.002

599

7.34

2.60

0.002

451

5.21

2.19

4.2.2 Support system
As it has been mentioned in Chapter 2 that the beam’s vibration abides by the
expression in Eq.(2.3), which contains time and spatial components. The former describes
each reference point on the specimen vibrates over the time, while the later sketches the
contours of the profile of every reference point of the specimen at certain moment under
certain mode of vibration, i.e. called ‘mode shape’.
Different mode shapes are with a series of different nodes and antinodes, which
vibrate respectively with minimum and maximum amplitude. Nodes for different vibration
mode are illustrated in Figure 4.2.
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n=1
n=2
n=3
n=4
n=5
n=6

Figure 4.2. Nodal lines of vibration modes of the specimen from out-of-plane look

Fundamental mode of vibration can be generated if the beam is supported by two
rigid prisms positioned at the location while n81 shown in Figure 4.2. As a node is in the
center, the modes of vibration when n8 2, 4, 6 cannot be induced. But there is a possibility
that other alternating modes to the exception of 1st order can be excited if the stimulation
is given at the end or non-nodal areas of the specimen. For specimen with comparatively
large ratio of length to height, higher modes of vibration are more commonly seen.
Therefore, it is of a necessity to identify the series of frequencies to ensure the
fundamental resonant frequency has been correctly detected. And it is noted that the
locations of the node points of every mode shape do not coincide with ones of others.
The beam’s response to an impulsive force will thus be the superposition of all vibration
modes. The motion of every point along the beam will hence exist when it is set into
vibration.
Based on this, let us assume that the specimen to be tested vibrates with infinite
modes after being stricken at the center, and vibration expressions of each mode can be
mathematically described as:

yn = A0 q n e− at cos nt

(4.6)

where A0 is the initial amplitude of vibration the moment right after the specimen was
striken; q here can be recognized as attenuating ratio of every superimposed mode of
vibration; a is the damping factor of vibration; n denotes frequency of each mode of
vibration; n equals to 1,2,3… indicating the order of mode of vibration. And as there is a
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mathematical relationship between frequency values of each mode of vibration [140]
n =

2
( 2n + 1)  2

4l

EI
A

2

(4.7)

modes of vibration more than second can be expressed by
 2n + 1 
n = 
 1
 3 
2

(4.8)

where 1 is the fundamental resonant frequency of vibrating specimen. Thus, the
vibration expression of reference point on vibrating specimen coupled with infinite modes
can be written as:




n =1

n =1

 2n + 1 
cos 
 1t
 3 
2

Y =  yn =  A0 q e

n − at

(4.9)

Assuming that A0 equals to 3925nm, q = 0.5 , a = 20 , 1 = 2  500 , then the vibration
expression becomes to


Y =  3925 10  2 e
−9

−n

 2n + 1 
cos 
 2  500t
 3 
2

−20 t

n =1

(4.10)

If we get it simulated in MATLAB, it is plotted as Figure 4.3 shows
Vibration function

8

Amplitude of y(t) (um)

6
4
2
0
-2
-4
-6
-8
0

0.02

0.04

0.06

0.08

0.1
0.12
Times (s)

0.14

Amplitude of y(t) (um)

Amplitude of y(t) (um)

0

-5
0.015 0.016 0.017 0.018 0.019 0.02 0.021 0.022 0.023 0.024 0.025
Times (s)

0.18

Vibration function

Vibration function
5

0.16

5

0

-5
0.052 0.053 0.054 0.055 0.056 0.057 0.058 0.059 0.06 0.061 0.062
Times (s)

Figure 4.3. Simulated vibration function coupled with infinite modes of vibration
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It is observed that same phenomenon has been found as in figure 3. The amplitude
of vibration decreases with a damping factor over time by and large, but slight rises and
reductions coexist in an attenuation period. The corresponding SMI signal was simulated
shown. It is found that the corresponding SMI signal is much more complicated than single
mode-corresponding SMI signal; in each attenuating period the displacementcorresponding fringe number varies. However, in several periods at the beginning fringe
number are still relatively bigger than the one afterwards indicating that the amplitude of
vibration is still in a downward trend to zero.Figure 4.4
Normalized self-mixing signal
1.5

Amplitude of G(t)

1
0.5
0
-0.5
-1
-1.5

0

0.02

0.04

0.06

0.08

0.1
Times (s)

0.12

Normalized self-mixing signal

0.16

0.18

Normalized self-mixing signal
1

Amplitude of G(t)

1

Amplitude of G(t)

0.14

0.5
0
-0.5
-1

0.5
0
-0.5
-1

0.0122 0.0123 0.0124 0.0125 0.0126 0.0127 0.0128 0.0129 0.013 0.0131
Times (s)

0.0568

0.057

0.0572

0.0574 0.0576
Times (s)

0.0578

0.058

Figure 4.4. Simulated corresponding SMI signal and typical signals at different moments
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FFT results of corresponding self-mixing signal
0.35

Amplitude of FFT
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Y: 0.06573
X: 6720
Y: 0.02591

0.1
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Figure 4.5. FFT results of preset vibration function and corresponding SMI signal

After FFT was applied respectively for the orignal vibration function and the
corresponding SMI signal, four dominant frequency component corresponding to
different modes of vibration can be clearly seen in lower part of Figure 4.5. The rest of
freuqncy components are too small to present in the spectrum. Admitedly, the dominant
frequency value exactly match with the frequency values in upper plot indicating the
frequency spectrum of the vibration-corresponding SMI signal can be used as resonant
frequency extraction even in a free-free vibration situation where infinite modes of
vibration may superimpose with each other.

4.2.3 Material behavior and manufacturing
The measuring system based on the relationship between resonant frequency and
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Young’s modulus is applicable to certain materials under certain behavior, such as
homogeneous, elastic, isotropic characteristics, as well as their geometries. Generally,
following are the aspects that need to be carefully considered prior to measurements.
•

The effect of inhomogeneities and anisotropy. The phenomenon such as volume
fraction, morphology, distribution, and interfacial bonding and so on in specimens has
inevitable effect on elastic properties of the test pieces. Proper interpretation
approach in test results may be needed for anisotropic materials.

•

A proposed dynamic measurement involves transient elastic vibrations. Materials
with very high damping ratio are inadequately eligible as specimens to be tested.
As the resolution of FFT is contingent on the signal length, shown in Eq. (4.1), the
higher of the damping ratio is, the shorter the signal length of materials with same
resonant frequency will be.

•

Surface treatment such as coatings, machining, grinding etching as well as some
major discontinuities such as large cracks, and so forth that might have altered the
typical elastic properties of the near-surface materials will develop undesirable
effects on Young’s modulus measurements. So, the proposed measuring system is
limited to work out a satisfactory on materials with treatments and discontinuities.
The followings are surface treatment-related aspects that merit attentions.

A. Shape requirement
The empirical analytical expressions of Eqs. (2.1) and (2.2) are limited to specimens
for rectangular parallelepiped geometry in this thesis, or other specific regular geometries,
such as cylinders and disc combining corresponding exclusive analytical equations
mentioned in the standard [114].

B. Edge treatments
Constant resonant frequency is subject to edge treatments as well. Treatments such
as chamfers or radii will develop uncertain errors for determination of resonant frequency
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thus introducing errors for calculation of Young’s modulus.
However, specimen with edge treatments to be tested in actual fact happens in
engineering applications shown in Figure 4.6, and it is indeed of common occurrence for
reducing the sensitivity to edge damage, where Eq. (2.1) cannot be applied unless
subsequent effects are considered accounting for these effects of edge treatments on the
moment of inertia and the density.
c

r
45°
h

h

b

b

(a)

(b)

Figure 4.6. Commonly seen engineering specimens with edge treatments of (a) rounded-edge
and (b) chamfered-edge

Two types of edge treatments are mentioned in the standard [36], and shown in
Figure 4.6.

•

Moment of inertia correction
The real value of Young’s modulus, here denoted by EMIC , for a rectangular beam

with four symmetric edge treatments can be expressed as

EMIC =

Ie
I MIC

Ee

(4.11)

where I e equals to I z in Eq. (3.23), the I nertia moment of the beam; Ee is the Young’s
modulus of a rectangular specimen estimated; I MIC is the corrected moment of inertia of
the specimen with four symmetric edge treatments, which respectively equals to for a
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specimen edge-chamfered

I MIC =

bh3 c 2  2 1
2
−  c + ( 3h − 2c ) 
12 9 
2


(4.12)

and a specimen edge-rounded
b ( h − 2r ) ( b − 2r ) r 3 ( b − 2r )( h − r ) r
4 

=
+
+
+ 4r 4  −

12
6
2
 16 9 
3

I MIC

2

2
h
4  

+ r 2  − r 1 −
 
2
3  



•

(4.13)

Density correction
As for consideration of density correction, the real value of Young’s modulus, here

denoted by EDC , for a rectangular beam with four symmetric edge treatments can be as
well expressed as

EDC =
where e =

 DC
Ee
e

m
is the density of a rectangular specimen while
Lbh

(4.14)

 DC

is the corrected

density of the specimen with four symmetric edge treatments, which respectively equals
to for a specimen edge-chamfered
m
L ( bh − 2c 2 )

(4.15)

m
L ( bh − r 2 ( 4 −  ) )

(4.16)

 DC =
and a specimen edge-rounded

 DC =

•

Combined correction
The corrected Young’s modulus value for both change in moment of inertia and

density from edge treatments can be obtained as
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 I   
I 
EC =  e   DC  Ee = e DC Ee
I MIC e
 I MIC   e 

(4.17)

The brass and aluminum specimens were manufactured into ones with four 45°
chamfer of 0.1mm and four edge radii of 0.1mm respectively for brass and aluminum alloy,
the combined EC can be respectively obtained as shown in Table 4.4.

Table 4.4. Combined correction results for edge treatments on specimens

Specimen
Brass
chamfered
Brass rounded
Aluminum
chamfered
Aluminum
rounded

Ie (mm4)

I MIC

 DC

 e (103

( GPa)

116.7

117.93

1.05%

8.24

116.7

116.86

0.13%

8.13

2.68

70

70.26

0.37%

8.15

2.68

70

70.07

0.11%

(mm )

kg/m )

11.15

8.30

11.11

8.24

11.15

8.24

11.13

8.16

2.69

8.16

2.69

4

EC

Error
(%)

(103
kg/m3)

3

Ee (GPa)

C. Propagation error from measured size and mass
Parallel and concentric dimensions are assumed for determining the modulus of the specimen
using Eq. (2.1). Deviations from the fabrication and measurements of dimension will bring
unsatisfactory results for the calculation of Young’s modulus.
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Table 4.5. Propagation of errors from specimen’s dimension and mass measured

Parameter
Specimen

Parameters

Accuracy

exponent in

Calculation

empirical

error (GPa)

equation
Length( L )

0.01mm

0.0072%

L3

0.0151

Width( b )

0.01mm

0.0830%

b −1

0.0581

Height( h )

0.01mm

0.4500%

h −3

0.9450

Mass( m )

0.01g

0.0330%

m

0.0385

Frequency( f RO )

2.60Hz

0.4300%

f RO 2

1.0140

Length( L )

0.01mm

0.0076%

L3

0.0266

Width( b )

0.01mm

0.0820%

b −1

0.0957

Aluminum Height( h )

0.01mm

0.5000%

h −3

1.7505

Mass( m )

0.01g

0.1100%

m

0.0770

Frequency( f RO )

2.19Hz

0.4900%

f RO 2

0.6800

Brass

alloy

Prior to experiments, a digital vernier caliper was used for measuring the dimension
and a scale for the mass of the specimens. The accuracy of the digital vernier caliper
reaches up to 0.01 mm, while the scale is precise to 0.01g. As mentioned previously, the
resonant frequency can be obtained as 2.6Hz and 2.19Hz respectively for brass and
aluminum alloy. Therefore, according to the exponent of the parameters in the empirical
equation for Young’s modulus calculation, the calculation error can be obtained from the
very right column in Table 4.5.
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4.3

Other applications

4.3.1 Introduction to Damping property and internal friction
4.3.1.1 Damping property
Vibration can be thought of as a periodic exchange of potential and kinetic energy
(stored energy and the energy of motion). Physical systems possess damping, which is the
part of the system that dissipates energy. Damping may be caused by friction between
moving elements, ﬂow of a ﬂuid through a restriction, or other means, but whatever the
source, damping converts kinetic (denoted by T ) and potential energy (denoted by U )
into heat, which is lost (shown in Figure 4.7). During vibration, energy is periodically
transformed back and forth between kinetic and potential until all the energy is lost
through damping.

t

Figure 4.7. Kinetic, potential and total energy loss during the damping vibration of specimen.

A structure should remain stable and integral despite of the interference of outside
vibration. The stability of the structure depends on its damping ability. Damping is not
only dissipation of energy from a vibrating structure and but a fundamental parameter of
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structural vibration analysis. Measures of damping property are indispensable in material
engineering, especially when evaluating material and system responses to dynamic
loading conditions.
Numerous methods have been investigated for the measurement of damping
property of materials. Ever since 1977, a forced-vibration technique was developed by R.
F Gibson and R. Plunkett for testing fiber-reinforced composite materials and by Cai et al.
in 2010 [141, 142]. In 1999, Ouis proposed an approach to measure the damping
properties by means of a room acoustical technique [143]. Nonetheless, either of the
method is influenced by an external shaker or limited by using a contact sensor, such as
accelerometers. Variations of displacement-frequency characteristics of the experimental
sample from these attached devices may result in undesirable error in the experiments.
Plus, both of two methods cannot be performed in a harsh environment. In recent
decades, laser vibrometry has gradually become a well-established technique in remote
and non-contact measures of the vibration of a target, and has been successfully
demonstrated and employed in a variety of scientific and engineering applications for its
high sensitivity, spatial resolution, rapid responses and anti-electromagnetic interference
[92, 144]. In 2014, Chen et.al presented a damping micro-vibration measuring method
using a laser diode self-mixing interferometry [145]. Nonetheless, the method proposed
can only be employed under the circumstances of feedback level very close to zero.

4.3.1.2 Internal friction
A perfectly elastic material subject to cyclical stress will oscillate without loss of
energy, except by external friction with its support and with the atmosphere or
surrounding ﬂuid. In reality, vibrations are dampened more rapidly than in the case of
energy loss due solely to external friction. Internal friction is the property possessed by
solid materials of transforming mechanical energy to heat when they are subjected to
cyclical stress. This effect develops in the case of small deformations characteristic of
elastic phenomena.
The phenomenon of internal friction – most generally defined as the dissipation of
106

mechanical energy inside a gaseous, liquid or solid medium. In a solid material exposed
to a time-dependent load within the elastic deformation range, internal friction usually
means energy dissipation connected with deviations from Hooke’s law, as manifested by
some stress–strain hysteresis in the case of cyclic loading.
The vibration can be analyzed from the internal friction point of view, and internal
friction can be deduced from the amplitude decay of a free vibration. The microstructural
origin of internal friction varies from one class of materials to the other. In general, the
hysteretic rearrangement of microstructural features upon application of a dynamic load
causes internal friction. Examples are the motion of interstitial carbon atoms in steel, and
oxygen vacancies in zirconia crystals, the realignment of glass molecules or polymer chains,
and dislocation interface movement in crystalline solids. Also larger structural defects like
cracks or delamination can induce energy loss through friction. An important feature of
internal friction in a homogeneous specimen is the fact that it is essentially independent
of the geometry of the solid. This means that internal friction can be used for evaluation
of material performance in process control as information additional to resonant
frequency, which does depend on the geometry of the object.
Extensive studies have been involved in the measurement of internal friction due to
its abundant engineering application since very early in 1937 by C. Zener [137] through
investigating the importance of fluctuations in temperature within a vibrating solid and by
J. Marx using piezoelectric gauge in [146]. M. Kakegawa and K. Sakamoto afterwards made
an experimental study for internal friction and modulus change of iron single crystals
containing small amounts of interstitial impurities [147]. For studies of low-energy
excitations with a wide distribution of energies and relaxation times that lead to much
difference in dynamic properties of amorphous solids and pure crystals, internal friction
of crystalline solids with defects were investigated by A. Vanelstraete et in 1987 [148]. And
for some specific materials, like German spruce, Akaezomatsu and Sitka spruce of Picea
genus that have higher Young’s modulus per specific gravity and lower internal friction in
longitudinal direction compared with other softwoods, measurement of internal friction
becomes important in selection of wood for sound-boards in the manufacture of musical
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instruments [149, 150]. Other extended application and studies of wood have also been
involved since then [151-153].

4.3.2 Implement of measurement
4.3.2.1 Principle of measurement
The internal energy loss mechanism of the beam can be expressed as 
Eq.(2.3). Separation of variables gives the simplified form

 L T
m



t

y
shown in
t

in Eq. (2.22). The final

expression that models the energy loss mechanism of the vibration beam can be signified
by the term e −nt and 

n

1−

2

, the latter of which presents a damped and smaller

frequency value as to natural frequency.
As it was mentioned in Eq. (2.42) in Chapter 2,  is the damping ratio of the vibration.
Let us rewrite the expression of motion of the reference point on the specimen
y (t ) = A0  e

−


1− 2

2 f RO t

cos(2 f ROt )

(4.18)

So  can be determined by evaluation of the amplitude attenuation coefficient.
At the same time, the internal friction (denoted by Q −1 ) has a relationship with
resonant frequency,
Q −1 =

(4.19)

k
 f RO

By substituting Eq. (2.44), Q −1 can be expressed only by  .
Q −1 =

2
1− 

(4.20)
2

As we now have Equations (2.35)-(2.37) and (4.18), parameters in equations are
assumed as the values shown in Table 4.6 for simulations.

Table 4.6. Values of parameters in Eqs. (2.35)-(2.37) and Eq. (4.18) set for simulation

Parameters Values
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C



A

f



0.5

3
785nm
3.925 10 m
0.00159
500Hz
−6

0

(a)

(b)

(c)

(d)

Figure 4.8. (a) y (t ) ; (b) G (t ) , i.e. g; (c)fringe-like signal is cut from 0.25s to 0.255s in (b), while
sinusoidal-like signal is truncated from 0.25s to 0.255s in (a); (d) signal resembles (c) but cut from
0.38s to 0.385s as indicated in the figure with arrows annotated.

From simulations, it is noted that the displacement of damping vibration and the
fringe number decrease over time. To verify frequency of the fringe number can be used
for representing the damping ratio, three pieces of signal respectively from the start,
middle and end of

G (t ) in

Figure 4.9 were captured for FFT respectively shown in Figure

4.9.
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(a)

(b)

(c)

Figure 4.9 FFT was applied for three pieces signals from G (t )
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The highest frequency component represents the fringe frequency [154]. From
Figure 4.9(a), Figure 4.9(b) and Figure 4.9(c), it is known that the decrement of the fringe
frequency presents analogous tendency of decrement of the displacement.
Therefore, a signal in 500-period length was captured for simulation. FFT was applied
for each window in width of two periods of signal from the beginning. 498 results were
shown in Figure 4.10

Discontinued
pieces

Figure 4.10. Spread results of frequency value corresponding to each amplitude peak in the
spectrum of FFT applied for 498 windows of simulation signal, where horizontal axis ‘section’ means
the set number of the signal(e.g. 250 means 250th piece of the signal)

Discontinuity was found in the result of FFT in Figure 4.10. To accurately fit the result,
last result of each discontinued piece was extracted. The rest results of each pieces was
set as zeros as Figure 4.11 shows, which were all excluded before fitting. After nonlinear
least squares fitting method was used, the fitting result of attenuating fringe frequency
was observed to have an entire agreement with the original displacement decrement. The
value of  based on the fitting result was calculated as 0.00161, which was very close to
the value set for simulation.
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Points excluded
before fitting

Figure 4.11. Comparison of fitted result and the original displacement. The solid line was the fitted
result of the points extracted from each pieces, and the dotted line was the original displacement
decrement, whose coordinate values were moderately magnified to compare with the fitted result.

4.3.2.2 Experiments
Experiments were performed for the same material specimens previously mentioned,
which is a rectangular brass bar with L 8 138.35 mm, b 8 12.06 mm, h 8 2.27 mm and m
8 31.20g. For obtaining an effective long signal, the steel ball for stimulation was chosen
as 3mm in radius as well.
By following the steps listed in Section 4, Chapter 3, experimental result of the brass
bar was shown in Figure 4.12. No signal was found starting from 0s unless an impulse
signal was given from the stimulator at around 0.1s. The whole DVSMI signal has been
lasted for around 2.5s with 500,000 samples were captured under the sampling rate
200KSa/s. The signal disappears as the energy of the reference damps out. Four typical
signals were obtained from different moments respectively at 0.112s, 0.278s, 0.53s and
0.838s. It can also been seen from the amplitude that fringe number damps down as the
energy continuously dissipates.

112

(a)

(c)

(d)

(b)

Figure 4.12. Experiment DVSMI signal and enlarged typical signals (a)-(d) at different moments

(a)

(c)

(b)

(d)

Figure 4.13. Corresponding FFT spectrum for each typical signal (a)-(d) in Figure 4.12
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Four typical signals captured from the whole piece of the DVSMI signal were
applied with FFT, whose peak frequencies indicating a fringe frequency are obtained
respectively as 9500Hz, 6000Hz, 3250Hz and 1500Hz in a decreased manner.
Window width was chosen as 800, so whole piece of experiment signal can be
divided into 1249 windows, each of which was applied with FFT. Frequency value
corresponding to each amplitude peak in the spectrum was selected and all the results
of distribution was spread in Figure 4.15.

Figure 4.14. Spread results of frequency value corresponding to each amplitude peak in the
spectrum of FFT applied for 1249 windows of experiment signal

Unwanted results were filtered and a curve can be fitted using same algorithms
applied in simulations.
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Figure 4.15. Fitting results of filtered data in Figure 4.14

The amplitude attenuation coefficient k can be measured as -6.5725, thus the
damping ratio and corresponding internal friction can be calculated as 0.002268 and
0.004536 through using Eq. (2.44) and (4.20), where the resonant frequency can be
retrieved as 461.2Hz through applying FFT on whole piece of experiment DVSMI signal as
shown in Figure 4.16.

Figure 4.16. Corresponding FFT spectrum for whole piece of experiment DVSMI signal
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Table 4.7 shows the experiment results of f RO and k , and calculation results of 
and Q −1 . In Table 4.7, We still use standard deviation to describe the measurement
accuracy, which is described in (3.36), where xi refers to each measurement result of f RO ,
k,

 and Q −1 shown in Table 2. Experiments had been conducted for ten times. So, N 8

10.  is the mean value over the measured 10 values. The mean value (  ), standard
deviation (  ) and the coefficient of variation (  /  ) of f RO , k ,  and Q −1 are
respectively shown in Table 4.7 by using Eq. (3.36), indicating that the methods and
experiments are feasible and repeatable.

Table 4.7. Experiment results of f RO and k and calculation results of  and Q −1

f RO

k



Q −1

462.2

6.583

2.267 x10-3

4.534 x10-3

461.2

6.564

2.265 x10-3

4.531 x10-3

461.2

6.709

2.315 x10-3

4.631 x10-3

461.2

6.508

2.246 x10-3

4.492 x10-3

Experimental

461.2

6.570

2.267 x10-3

4.535 x10-3

data

461.2

6.574

2.269 x10-3

4.537 x10-3

461.2

6.490

2.240 x10-3

4.479 x10-3

460.2

6.567

2.271 x10-3

4.542 x10-3

461.2

6.580

2.271 x10-3

4.542 x10-3

461.2

6.560

2.264 x10-3

4.527 x10-3

461.2

6.571

2.267 x10-3

4.534 x10-3

0.4714

0.05778

2.148x10-6

4.295 x10-6

1.022 x10-3

8.793 x10-3

9.467 x10-4

9.467 x10-4

Mean
Standard
deviation
Coefficient of
variation
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4.3.2.3 Discussion
A. Influence from window interval and length
Though experiments can be successfully performed for applying FFT on the acquired
data, it is found the window intervals and window width of FFT more or less affect the
accuracy of k . Therefore, window width was chosen as 800 samples of point, while the
interval of each window was selected from 400 samples of point and increased by the step
of 400. Results in 800 samples of point in window width and every interval are obtained
and showed in Figure 4.17.

Figure 4.17. Errors under different window intervals

The errors of k are distributed all over from intervals being 400 to 12000, but an
apparent trend is found that the error is increased and with uncertainty as interval rises.
Control of interval within 2000 can generate a better result with errors of k smaller than
2%.
For consideration the influence of window interval for each FFT, window interval was
set as 400 samples of point, while the windows width was increased from 400 samples of
point by the step of 400. Results are distributed in Figure 4.18. A very obvious exponential
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increasing trend can be found as window length rises. Errors are smaller than 2% when
window length is selected fewer than around 4000 samples of point.

Figure 4.18. Errors under different window lengths

The average measurement error k from intervals and length will introduce errors of
calculation for  and Q −1 . The average error of different intervals and length shorter
than 4000 were calculated and shown in Table 4.8. It can be found that the calculation
error of  and Q−1 are equivalent with errors of measured k .

Table 4.8. Effects of errors of f RO and k on calculations of  and Q −1

Average
Variable

Measurement
Error

Calculation
errors of 

1.698%(from
k

intervals)
1.615%(from

k

length)
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Calculation
errors of Q −1

1.698%

1.698%

1.615%

1.615%

B. Influence from feedback level
Previously, the feedback level C set for simulation is very small, but actually
variation of feedback level affects the SMI signal and increases the errors for
determination of  and Q −1 as well, while discriminating the different feedback regimes
and altering the shape of interferometry signal. To gain the insight into the influence of
feedback level, DVSMI signal under different feedback levels are provided, as well as their
corresponding FFT spectra.

DVSMI signal

Corresponding FFT spectrum
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Figure 4.19. DVSMI signal under different feedback level and the corresponding spectra.

Window length and interval are chosen as 400 points for FFT under different
feedback level, respectively equal to 0.01, 0.1, 1, 2, 3. Signal examples with different C
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are illustrated on the left column in Figure 4.19, and the spectra for each result are shown
on the right. Though the fringe frequency can be retrieved from the spectrum for each
DVSMI signal, the dominance of fringe frequency decreases as the feedback level rises.
Meanwhile, the fundamental resonant frequency is increased instead. Actually, when C
equals to 2, the amplitude of fringe frequency, is not at the peak anymore.
7.4
7.2

7
6.8

k

6.6
6.4

6.2
6
0.01 0.2 0.4 0.6 0.8

1

1.2 1.4 1.6 1.8

2

2.2 2.4

C
Figure 4.20. Mean values of measured k under different feedback levels

Experiments have been conducted for ten times for each feedback level from 0.01 to
2.4. Mean values ( k )of ten times measurement for k under varied feedback level are
shown in Figure 4.20. When feedback level changes from 0.01 to 1.9, the average
measurement data for k keeps in a stable horizon with very small fluctuations at 6.571.
While feedback level is set larger than 2, the result has short-lived reduction and
exponentially increases after 2.3.
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Figure 4.21. Standard deviation and coefficient of variation of measured k under different
feedback levels

The standard deviation and the coefficient of variation using Eq.(3.36) for the
measurement results of k are shown in Figure 4.21. Though comparatively larger
fluctuations presented, a general trend of data was found almost the same as k ,
indicating the measured results can be achieved feasibly and repeatedly in a range of
feedback level under 2.3.

4.4

Summary

In section 4.2, this chapter evaluates the potential influence to measurement. These
possible influences may originate from the line-width enhancement factor, the feedback
level of the laser beam, resolution of fast Fourier transform applied, the support system,
material behavior, and the manufacturing process. The results show that the influence of
the line-width enhancement factor can be neglected; the feedback level needs to be
controlled larger than 1; the resolution of FFT tends to have something to do with the
stimulator size and

E



value of the material itself; the difference of the position of the

supports develops harmonics of vibration mode, but it is found that the harmonics can
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still be distinguished when small errors that results in undesirable modes exist; and the
materials to be measured are necessary to be isotropic. Regarding to the influence from
the manufacturing process, the surface and edge treatment, shape, and the size, all play
a vital role, but can be alleviated or avoided by satisfying certain requirements of the
process.
Section 4.3 gives a typical application for measurement of damping ratio and internal
friction based on SMI measuring system. Section 4.3.1 mainly investigates the background
and literatures review for measurement of these two material properties. 4.3.2 introduces
the method and the principle for the measurement, as well as the detail for realizing the
measurement, and the analysis and discussions on experimental results from adjusting
the window interval and length of the fast Fourier transform and the feedback level of the
measuring system. The results are repeatable and can be maintained in a stable level as
the feedback level smaller than 2.3.
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Chapter 5

Conclusion

SMI is an emerging non-contact sensing technique, and researches on SMI are active
and highly promising. This technique is characterized by simplicity in system structure, low
cost in implementation, and ease in optical alignment. Combining with the advantage of
impulsive excitation technique comparing to tradition static methods, this dissertation
implements an integral measuring system for measurement of material properties, such
as Young’s modulus, and gives other examples of applications for measurement of
damping ratio and internal friction. In this chapter, the research contributions are
summarized in section 5.1, based on which, future research works are advised in section
5.2.

5.1

Research contributions

The contributions of this dissertation can be stated as following:
1.

Non-destructive optical measurement with SMI configuration for Young’s modulus
has been realized. This is a novel dynamic method for Young’s modulus measurement.
Previously, traditional methods are most based on static and dynamic methods. The
static methods are professional tests, which need special workman to conduct with
large variations in the test results, and the method is destructive so the test-pieces
cannot be used for repeating by other measuring methods for comparisons for the
results. Compared to traditional dynamic approaches with microphone as the
detector, the SMI technique by a semi-conductor laser can avoid of unpredictable
interference for the results and allow to be employed in harsh environment. The
proposed measuring system is able to measure the Young’s modulus with a satisfied
accuracy, 0.23% for aluminum 6061 and 0.25% for the brass.
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2.

A fibre has been introduced to the SMI system. This compactness and flexibility of
the measuring system greatly ease the measurement at any circumstances through
employment of collimation of a fibre coupler, this facilitates to adjust changing needs
for any direction in measurements. In addition, because of the high sensitivity of the
scheme, being a sort of coherent detection that easily attains half-wavelength
resolution, the system can reach up to a level with much higher resolution than
traditional methods.

3.

The thesis provides design details regarding to the size of the stimulator, excitation
ways, adjustable supports for different size of test specimen, and the requirements
of material manufacturing. Also, the influence of the factors on the measuring system
are studied and discussed, which help to achieve better measurement by using the
presented system.

4.

Extended engineering application of proposed SMI measuring system has been
realized for measurement of damping ratio and internal friction. So proposed SMI
measuring system can not only be used for measurement of vibration, but for
evaluation of the hysteretic rearrangement of microstructural features upon
application of a dynamic load, such as the motion of interstitial carbon atoms in steel,
and oxygen vacancies in zirconia crystals, the realignment of glass molecules or
polymer chains, and dislocation interface movement in crystalline solids.

5.2

Suggested future research points

For further exploration of potential engineering applications of SMI measuring
system, the following research points will be interesting:
1.

More shape forms of the specimen can be analysed and tested.
According to the standard [114], different empirical mathematical expression are

needed for different shape forms of the test specimens. Proposed measuring system with
SMI configuration can thus be extended for applications for other shapes of material. Even
for more complicated shapes of specimens, methods of interpolation can be used for
complement the SMI measuring results.
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2.

Simultaneous extraction of multiple material parameters by same SMI system.
For same materials by using different supports for vibrating specimen, more material

properties, such as shear modulus and Possoin’s ratio can be investigated.
3.

Apply advanced signal processing on SMI signal to improve the measurement
Current proposed method is based on fast Fourier transform. Other algorithm or

transforms can be applied for the signal processing to achieve more accurate results.
4.

Multiple feedback-based SMI technique for vibration distribution measurement.
Multiple feedback can be explored for both verification of mode of vibration and

measurement of multiple coupled modes of vibration, since undesirable vibrations exist
when support positions are changed.
5.

Resolution improvement by semi-stable state studies.
Self-mixing interferometry working at semi-stable state (i.e. relaxation oscillation)

can be explored for Young’s modulus measurement to enhance the measurement
resolution [155].
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